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Abstract

We study the question of the existence of periodic solutions of Hamiltonian systems
of the form:

(*) g+ Vy(t,q) =0

3
where V= " Vi,(t,qi — q;) with V(t,§) T periodic in t and singular in ¢ at £ = 0.
1<i#]

Under additional technical hypotheses on V (of 3-body type), we prove the functional
corresponding to (*) has an unbounded sequence of critical points provided that the sin-
gularity of V" at 0 is strong enough. These critical points are classical T-periodic solutions
of (*). If the singularity at £ = 0 is arbitrary, there still exists at least once generalized T-
periodic solutions. Generalized solutions are necessary since collision orbits, i.e. solutions
which pass through the singularity, are possible. The proof of these results involves novel
topological arguments.
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Periodic solutions of Hamiltonian systems

of 3-body type
by Abbas Bahri and Paul H. Rabinowitz

§1. Introduction
The study of time periodic solutions of the n-body problem is a classical one. See e.g -
[1]. Our goal in this paper is to present some new variational approaches of a global nature

to a class of problems of 3-body type. To be more precise, consider the system:
. oV :

Here ¢; € RY, £>3andm; >0, 1<:<3, ¢=(q1,92,93), and V: F3(Rf) — R. Here
F3(RY) is the configuration space

F3(RY = {(q1,92,03) € (RY® | g £ q; if 1#7}.

Since our arguments are valid for any choice of m; > 0, 1 <: <3, for convenience we

take m; =1, 1 <17 <3 and write (1) more simply as:
(HS) id+V'(g)=0.

Concerning V', we assume

3
(2) V=" Vig—q)
-é;l

where for each i, j, the function V;; satisfies

(V1) Vi;(z) € CH(RAO{0},R), C;q
(V2) Vi;(z) <0, 2
(Vs) Vzl(q) and Vzlg(q) — 0 as ,(1: -+ 20, -

[} § .

(Vy) Vi;(g) = —co0 as ¢ — 0,
(Vs) For all M > 0, there is an R > 0 such that |¢| > R implies V/’(q) - ¢ > .M|V,G(q)|, _
(Vs) There exists U;; € C!(R®\{0},R) such that U;;(q) — oo as ¢ — 0 and —V;; > |ULI% /.. .

ty Codes
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Note that potentials like

3 ..
®3) Vi) ==Y

where «;; and §;; are positive and satisfy (V1) — (Vs). Moreover (Vs) is satisfied if 3;; > 2
for all ¢, 7. For the classical 3-body problem, we have #;; =1, 1<i#j<3.

The significance of hypothesis (Vs) can be seen when (HS) is posed as a varia-
tivnal problem. First we choose T > 0 and seek T- periodic solutions or (HS3). Leu
E = W;A(R, (R%)?), the Hilbert space of T-periodic maps from R into (R)® under the

: T
nw=<£nwm+mﬂ

T
lg] = %/0 q(s)ds.

The functional corresponding to (HS) is

1/2

where

T
(4) I(q) =/ [3|dI2 - V(q)] dt.
0 -
If V satisfies (V;) — (Vs), then, as will be shown in §2, ¢ € A where
A={qe E|qft)#q;(t) forall i#j and *€(0,T]}.

Critical points of I in A are then easily seen to be classicai. itions of (HS).
Our main result is:

Theorem 1. If V satisfies (V1) — (Vs), then for each T > 0, I possesses an unbounded

sequence of critical values.

As will be seen later in the proof of Theorem 1, no explicit use was made of the fact

that V' is independent of ¢. Thus we also get the following result:

Theorem 1'. Suppose V = V(t,q) : R x F3(R%) — R is T periodic in t and otherwise
satisfies (V1) — (Vs). Then the functional

T
(5) [ (e -veea) a
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has an unbounded sequence of critical value which are T periodic solutions of
(©) i+ Viltq) = 0.

If (1) does not hold, it is possible that I(q) < oo for ¢ € E but gi(t) = ¢;(t) for
some { # J and ¢t € [0.T]. We refer to this possibility as a collision. When collisions are
possible, critical points of I need not be classical solutions of (HS) and a notion of a
generalized solution of (HS) is needed. Following a related situation in (2], we say ¢ € E

is a generalized T -periodic solution of (HS) if:

() D={te0,T]|qt)=q,t) for some i # j} has measure 0.
(i) g€ C%on [0,T)\D and satisfies (HS),

(7) (i) — [T V(q(t))dt < oo and
(iv)  2[q(t)]* + V(g(t)) = constant for t € [0,T]\D

(i.e. energy is conserved on the set on which it is defined).

Theorem 1, together with some of the ingredients in its proof and ideas from 2] yields

Theorem 2. If V satisfies (V;) — (V5), for each T > 0, (HS) possesses a generalized

T-periodic solution.

There is also an analogue of Theorem 2 for the case in which V = V/(#,¢) and is T-periodic

n t.

Our approach to (HS) is via the calculus of variations. A few recent papers [3-6] have
used variational methods to treat singular Hamiltonian systems but for potential energy
terms which have a milder singularity than (2). E.g. [3-6] study (HS) for V’s having
a point singularity like V(q) = W(|q|) where W(s) = —s~#. More generally they treat
Vs having a compact set of singularities. They also have restrictions on the behavior of
V near the singular set like (V5). Under such hypotheses, the functional corresponding
to I satisfies some version of the Palais-Smale condition - (PS) for short - and this fact
plavs an important role in the associated existence arguments. In work in progress, Coti-
Zelati is studying a class of time independent potentials of n body type under a symmectry
condition (V;(€) = V;i(€)). This symmetry and a clever observation allow him to work
in a restricted class of functions where (PS) holds. However, in the current setting.

under (V7) — (V5) the functional defined by (2) and (4) does not satisfy (PS) even after
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eliminating a translational symmetry inherent in the form of (2). Roughly speaking, what
goes wrong with (PS) is that a sequence (¢’) C E with I(¢’) — ¢ and I'(¢’) — 0 may
“approach” the triple (¢;, g2, “c0”) which is a solution of the two body problem associated
with (HS) by dropping all terms involving g¢s.

To briefly outline the remainder of this paper, the breakdown of (PS) will be studied
in a precise way in §2. Invariance properties of I and the behavior of level sets of I, in
particular of ¢ = {¢ € E | I{q) < €} for small ¢ will also be examined. A novel kind
of Morse Lemma for neighborhoods of infinity will be given in §3. This lemma combined
with the results of §2 gives (modulo translations) a priori bounds for critical points of I,
the bounds depending on the corresponding critical values. In §4, it will be shown that I
can be approximated by a nearly functional I with nondegenerate critical points (modulo

translations) and possessing other nice properties.

The proof of Theorem 1 will be carried out in §5 by means of an indirect argument in
which I is replaced by I. A key role in the proof is played by a notion of critical points at
infinity, corresponding to limit two body problems arising from the breakdown of (PS),
together with their unstable manifoids. As will be shown in §7-8, I* can be retracted by
deformation to It U Dy U DS3 where Dy is the union of all unstable manifolds of critical
points of I in IM\ I and D$3 a similar set for critical points of the limit 2-body problems
at infinity. This enables us to exploit the difference in topology as measured by rational
homology between A and its two body analogue. In §6 we prove Theorem 2. Lastly in
§9 under certain assumptions of ncndegeneracy of critical points (up to translations), we
obtain Morse type inequalities for critical points (Theorem 3). One consequence of these
inequalities, which will be pursued elsewhere, is that they enable us to conclude that in
certain situations, e.g. for simple potentials where one has central configurations (satisfying
(V) that the family of periodic solvtions we find is much larger than the known family of
solutions. Moreover, using these inequalities and ideas which can be found in Kiingenberg
(18] and Ekeland (19], under generic conditions one can establish the existence of either an
elliptic orbit or infinitely many hyperbolic orbits on a given energy surface (see A. Bahri, B.
M. D'Onofrio [20]). If we drop (Vs), these inequalities do not hold per se. However under
additional assumptions on V, one can show there are at most finitely many collisions. This
fact can be used to prove an analogue of Theorem 3 when collisions can occur and likewise
leads to applications such as those just mentioned. These matters will also be pursued

elsewhere.

We are grateful to E. Fadell and S. Husseini for helpful comments on the proof of

Theorem 1 and likewise to J. Robbin concerning the results of §7.
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§2. Some analytic preliminaries
In this section, several of the properties of I will be studied, especially the breakdown
of the Palais-Smale condition. For simplicity here and in the sequel we assume the period
T =1. To begin we will show that if ¢ € E and I(q) < oo, then ¢ € A. More precisely, we

have:

Proposition 2.1. Suppose V satisfies (V1),(V2),(Vy) and (V5). Then for any ¢ > 0, there
exists 6 = §(c) such that ¢ € E and I(q) < ¢ implies

inf () —q; (V)| > 6.
i:;éj,ltré[o‘l}M() g;(t)] >

Proof. Consider two distinct indices ¢ 7 € {1,2,3}. By (V2).

- / Vis(ai(t) — g5(8))de < c.

Since I(g) < oo, by (V4) there exists §; = 8;1(c) > 0 and 7 € [0, 1] such that |g;(7)—q;(7)| >
61(c). It may be assumed that {g;(7) — ¢;(7)| = &; for otherwise the loop ¢; — ¢; remains
outside a neighborhood of 0 radius §,(c) and Proposition 2.1 is proved with §(c) = §1(c).
Observe that by (V;) again, ||¢; — ¢;]lz2 < 2c. Using (V;) and (Vg), for any o € [0.1],

[ Vistas- dt}

/ VUsj(qi — a,)[2dt

c2

> —

/ lgi —qll dt

> — (/ VUij(gi — g;) - (di ~ q;)dt>

= ‘2-E|Uij(qz'(0) —g;(0)) = Usj(qi(r) — g;(m)*.

/ IVUij(ai - ¢;)|*dt

Therefore
Uii(qi{o) = gi(a)) £ V2 + Uij(gi(7) — g;(1))

<V2c+ sup Uij(z) < oo,
|z|=61{c)

This last inequality together with (V) and (V4) implies the result.

Proposition 2.1 allows us to seek critical points of I in A and thereby exploit the
topological structure of A. This will be done in §5. The breakdown of (PS) will be
studied in the next proposition. This will lead us to define “critical points at infinity” and

their “unstable manifolds” in later sections.




Proposition 2.2. Let V satisfy (V1) -- (V4) and (V). Let (¢F) C A be a sequence such
that I(¢*) — c and I'(¢*) — 0. Then either

1° there exists a subsequence, again denoted by (¢*) and a sequence (vi) C R¢ such that
q¥ — vy converges in W12 for i = 1,2,3, or

2° there exists a subsequence, again denoted by (¢*), i € {1,2,3}, and (v;) C R!
satisfying
a. [[a4] = val = o0, [[dflzz — 0, and
b. if j.r € {1,2,3}\{:}, (qf — vk, q¥ — vi) converges in W2 to a classical solution of

the two-body problem with potential Vj. + V}; and as & — oo,
YLk ke vk kU ok
i SUGG1E + 167 17) = Vielaf —a7) — Vajlar —g5) | dt — ¢

Remark 2.3. In fact we will show %[qf + ¢X] is a permissable choice for vy.

Proof of Proposition 2.2. As in Proposition 2.1, the bounds on I(g*) lead to bounds

depending on ¢ for ||¢*|| ;2 and

1
—/ Vij(gf — gf)dt, 1<:#5<3.
0
By Proposition 2.1, there 1s a §(2¢) > 0 such that -
(2.4) a5 (7) = ¢5(P)] = §(2¢)

forall k € N, 7 € [0,1) and ¢ # j. The bounds on ||¢¥||;» and standard embedding

theorems imply that ¢* — [¢*] converge along a subsequence - which will still be denoted

by ¢* - weakly in E and strongly in L™ to ¢ € A. If for some r,j, ][qf — g} - o,

(2.5) V(a5 —qf) =0

in L> via (V3). If [q;‘ — ¢*] is bounded, Vj'r(q]‘f ~ q*) converges via (V;) and (2.4). Thus

“'}’r(Qf — ¢¥) converges for all pairs » # j and
(2.6) I'(¢") = 0

then implies ¢ converges in L? to g.
If l[q}L—q,‘:]l — oo for all 3 pairs of indices j # r, (2.5)-(2.6) show § = 0 and I(¢¥) — 0, a
contradiction. Thus there is at least one pair of indices j # r such that [qJL —¢*] is bounded.

Without loss of generality we can assume [q;L — q¥] converges. Set
5 = R S
(2.7) ok = 5laj +a7]-

7
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Then )

g; — vk = ¢f — lar] + 5lar — g}]
converges in W'? as does ¢ — v, Let i+ € {1,2,3}\{),r}. Either (i) ([¢¥ — ¢}]) is
bounded, or (i) |[¢* — qf][ — oo (along a subsequence). If (i) holds, we may assume

(¢} — ¢¥] converges and therefore ¢¥ — v) converges in W12, This corresponds to case 1°

of Proposition 2.2. If (ii) occurs, by (2.6), V/.(¢F — ¢F), Vr’,-(qf —qM), Vj',-(q,'f —gF), and

":"j(qu - qf) — 0 as bk — oo since their arguments — oo uniformly in 7 as k — co. Thus

q¥ —[qF] converges to 0in W12 ie. ||¢¥]|z2 — 0 as k — oo, and |[¢¥ —vi]| = oc as k — oc.

This is precisely case 2° of Proposition 2.2. The proof is complete.

Corollary 2.8. Suppose ¢ € A satisfies 0 < a < I(¢q) < b. Then there exists ¢y, cg > 0
(independent of q), v(q) € RY, and two indices j # r € {1,2,3} such that if || I'(g)|| 1.2 <
€. then

llg; — vllwre + llgr — vllwr2 < co.

Proof. This follows immediately from Proposition 2.2.

For s > 0, let
I' = {qg=(q1,492,q3) € AlI(q) < s}.

We now study I°® for small s.

Proposition 2.9. Let V satisfy (V}) — (V5). Then there exists an €; > 0 such that
(3) I'q) # 0 for all w & 2
(ii) Forall A > 1 and q € I,

ax = Alg+ 2" (¢—[d]) € I,

(iii) For all A € [1,2) and q € I,

(iv) there is an €, < €; such that if 0 < € < €3, [ is homotopy equivalent to the set

Ble) = {(z1,22,23) € (RY?| = V(z1,22,73) < €}.

Proof. Without loss of generality, €, < 1. Since (qa), = qx, forall A, p > 1,if ¢ € I

and

d
21 — 0,
(2.10) (0 . <

8




it easily follows that gx € I** for all A > 1. Hence (ii) and also (i) follow from (2.10). Now

d
(2.11) E\‘I(q,\)

3 1
> /0 Vidai — q;)-

1
== / |g*dt —
A=1 0 i#j=1

(lai — ¢5] = (g0 = gi] = g5 + [g,]))dt.

We rewrite each term in the V" sum as
1 1
(2.12) —/ v;;<qi—q,)'(q,--q,;>dt+2/ V(g - a5)
0 0
(g = [a.] + [g] = ¢;)dt.
Since I(q) < €1, by (V) we have
(2.13) lai = @dll= + gy = loolllz= < ldillee + sl oo < 2V,

Now (2.12)-(2.13) imply

d 1
(2.14) Y <-/O V,-j((qA),»—(qA)]-)dt> .
=1

1
S/ (Vg — ;) (¢i — ¢) + &/ Vi (qi — g5)l]dt.
0

Applying (V3), there exists a constant 4 such that
(2.15) ~Vi(z) -z +4{V](z)] <0
for || > A. Since I{q) < €,

1
_/ V,'j(q,' - Qj)dt S €1.
0

For

€1 < Qg = lzflrlsigA(—mj(x))a
by (V1) and (V3), there is a r; € [0, 1] such that
(2.16) lgi(m1) = g;(m1)| 2 24.
Now (2.16) and (2.13) imply for ¢; < 4~ = o that
(2.17) lgi(T) = g;(T)| > A

9
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for all = € [0.1]. Tl refore if ¢, < min(ag,a1), we have
(2.18) =Viladr) = ¢;(7) - (qul7) = ¢; (7)) + 4/ [Vi(qi(m) — g;(7)) < O

for all = € [0.1]. Thus

d 1
(2.19) o (—/0 Vij((qx)i—(qx)])dt>

and (2.10). (1), and (1) follow.

<0
A=1

To prove (ii1). we need to calculate the derivative of I(7,) for each A. Using the fact
that exp(\A —2)7! and (A = 2)"2exp() — 2)~! are bounded for X € [1,2), uniformly in A.

the proof is essentially the same as for (i1) and will be omitted.
Lastly we turn to the proof of (ii). Let
(2.20) B={2qlqel"}.
Using (1111, we can define a homotopy between It and B via
(2.21) [0.1) x It — I
(6.q) — 9146

The continuity of this retraction is clear. Observe now that by (V]) and (V3), for € small

enough. e.g. € < €. the set
B(e) = {(z1,22.23) € (RY)? | =V (z1,22,73) < €}

is contained in B. Also by (ii), Ab € B if b € B and A > 1; indeed if b = 2[q], then
Ab = 2[7:]. Now (17).(13). and (V}). together with the fact that —V'(b) < ¢, forall b€ B
(which is a consequence of (iii)) imply that ¢,(A) = —V(Ab) decreases monotonically to 0
on B as A\ — >c. Therefore it is possible to define a function A : B — R via

(2.22) A(b) =inf{\ > 1| =V(\b) < €}.

Since —V(Ab) decreases monotonically to 0 as A — oc, A is continuous. The map u :

[0.1] x B — B defined by
(2.23) u(8,b) = (1 —6)b+ ON(b)b

retracts B by deformation on B(€) and (iv) holds.

10




To prepare for the next result, note that I possesses an R¢ symmetry. More precisely,

for £ € R let v(€) = (€,€,€). Then

(2.24) I(g + (&) = I(q)
for all ¢ € .\ and £ € RY. Therefore

(2.25) I'(q)y(e) =0

for all ¢ € A\ and £ € R® Letting D denote the duality map from E' to E, (2.25) is

equivalent to

3
(2.26° > [Dr'(g): =o.
1=1

Now we have:

Proposition 2.27. Let & = (®,,D,,P3) € C1(A, A) such that

3
(2.28) > [@iq)] =0
tor all ¢ € A. Let n(s.q) = (n1(5.q), n2(s,q), m3(3, q)) denote the solution of the differential
equation
. dn
(2.29) 5= (7). 7(0,q9) = g€ A.

Then for all s for which the solution is defined,

(2.30) > ils, ) = lad-
Proof. By (2.28)-(2.20).

3 3
(2.31) > [%} 0= 23 n

Therefore

(2.32) PBICHERA)




is independent of s. Hence (2.30) follows from (2.29).
Now some properties of the “two body problem” with potential Vi; + Vj; will be

considered. For the sake of simplicity we take : = 1 and j = 2. Define
(233) A= {(002) € W (R, (R [ (@a(t) # qa(t) for all t € [0,1])
and

(2.34) I12(q1,92) = L2(q)

1
B A [%(14112 +1621%) = (Viz(ar = ¢2) + Var(g2 ~ q1)) | dt.

Propositions 2.1, 2.2, and 2.9 have the following analogues for the two body problem
associated with (2.34):

Proposition 2.1'. Let Vi satisfy (V1),(V2),(Vy) and (Vs). Then for any ¢ > 0, there
exists § = §(c) > 0 such that ¢ € A;5 and I}5(q) < ¢ implies
inf t) — qo(t)| > 6.
) lq1(t) — q2(8) 2
Proposition 2.2'. Let V) satisfy (V;) —(V4) and (V5). Let (¢*) C A2 be a sequence such

that I15(¢%) — ¢ > 0 and I{,(¢*) — 0. Then there exists a subsequence, again denoted by
(¢*) and (vr) C R? such that ¢¥ — vy converges in W12 for ¢ = 1,2.

Proposition 2.9'. Let V) satisfy (Vi) — (Vs5). Then for €; small enough, (i) -(iv) of
Proposition 2.9 hold with I replaced by I, and B(e) by

Bia(e) = {(z1,22) € (RY? | =Via(z1,22) < €}

where Vi = Vi, + Vau.

The procfs of these results follow the same lines as their earlier analogues and will be
omitted. Note that Pr -~rsition 2.2’ says that [, satisfies the Palais-Smale condition up
to translations. Ca. . «f Proposition 2.2 has no analogue here since if e.g. |[gF]] — oo
while |[¢5]| remains bounded, then (¢F —[¢F]) and (¢¥ —[¢5]) converge to zero and therefore
Ilg(qk) — 0, contrary t. .- pothesis.

We also have ai. analogue of Proposition 2.27 with the same proof:

Proposition 2.27'. Let ®;;, = (®,,®,) € C'(A 2, A12) such that

2
(2.28") > _[@ig)] =0




for all ¢ € A12. Let 132(s, ¢) denote the solution of the differential equation

dni2
ds

(2.29") = @12(12), Mm2(0,q) = g € Aia.

Then for all s for which the solution is defined,

2 2
(2.30") > (s, )i = > _ladl.
i=1 i=1

Our final result in this section concerns the following important special case of (2.29):

dnia
ds

(2.35) = ~I}5(m2), m2(0,9) = ¢

For0 < a <b<oo,set

Ki2(a,b) = {q € A12 | I15(¢) =0 and a < I12(g) < b}

Proposition 2.36. Let ¢ satisfy a < [12(¢q) < b < oo and let 7y2(s, q) be a solution of
(2.35). Then

(i) there exists a constant ¢(g) independent of s such that [[n12(s, ¢)]| < ¢(g) for any s for
which
(2.37) a < Iiz(n(s,q)) < b.

(i1) There exists a constant C(a, b) and a uniform p-neighborhood, N(p), of K;2(a,b) such

that whenever ¢ € N(p), there is a v(q) € R satisfying [[(m12(s,q)) — v(g)fwr.2 <
C(a,b), i =1,2, for all s > 0 for which (2.37) holds.

Proof. Arguing indirectly, assume there exists a sequence s, for which (2.37) holds and

l[m2(sk.¢)}| = oo. Then

ke
(2.38) Nmz(sk, @) — qllwrz < ./ 1112(m2(s, @)lwr.2ds| — oo
0
while
= S b—a.

Sk d
(2.39) / ;I(mz(s,q))ds
0 S

/ ||I;2(7712(37(1))”%V1,zds
0

If (sz) were bounded. (2.38) - (2.39) would be contradictory. Therefore
klim Sp = £00
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and (2.38) implies the existence of a sequence 7 — oo satisfying (2.37) and such that
I2(m2(7k,q)) — 0. Using Proposition 2.2’, there exists (vy) C R for which (n12(7x, ¢))i =
v 1s strongly convergent, : = 1,2. Proposition 2.27° then implies that (v;) is convergent.

Therefore (712(7k, ¢)) is convergent.

Assume, without loss of generality, that
lim s = oo.

k—oc0

The argument just given shows the existence of v and M > 0 such that if s € [0,00) and

(2.40) I T12(m2(s, )lwre < 7,

then {|n12(s,¢)|[jwiz < M. Since |[m2(sk,q)]] = o0 as k — o0, (2.40) is violated when
s = sy for large k. Given si, let 5; be the largest positive value of s less than s such that
(2.40) holds. The existence of (5i) follows from that of (1i). Observe that

(2.41) I 112(ma(s, llwrz >
. for s € [Sk, sk]. Now by (2.41) and (2.39),
* Sk
(2.42) ,[ﬂlz(sk’Q) - n12(§k,q)]| < l ||I{2(7712(3a<1))l|PV1-2d3

1 [
< ;‘[ ||112(7712(3,q))”%m_2d8 <

Sk

b—a

But [[112(Sk,q)]| < M since (2.40) holds for s = 5. Therefore

b—a

(2.43) (mi2(sk, @)l S M +

contrary to the choice of s, and (i) follows.
¥

To prove (ii), an argument as in the proof of Proposition 2.2’ shows there is a p > 0
and €;(a, b) such that for any ¢ € N(p) there exists v(g) € R satisfying

(2.44) llg; — v(@)|lwr.2 £ Ci(a,b), i=1,2.
. The constant C)(a,b) is independent of ¢ € N(p). Equation (2.35) shows
(2.45) Mma(s.q = Y2(v(9))i = ma(s,q)i —v(q), =12
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Now arguing indirectly, we assume there exists a sequence (¢*) C N(p) and sx > 0 such
that

(2.46) b > Lia(ma(sk,q¥)) > a and [|n12(sk, %) — ¥12(v(¢%))||wr2 — o0 as k — oo.

Since I1,(q) = I],(q — ¥12(€)) for all £ € RY, as in (2.38)-(2.39) we have:

Sk
(2.47) / 1 Lia(ma(s, @) 3pads < b - a;
0
Sk
/ W 12(m12(s, qk))wa,zds — 00 as k — oo.
0

As earlier (2.47) implies that s; — oo as kK — co. Arguing as in the proof of (i), consider
a sequence Ty — oo such that I;z(nlz(rk,qk)) — 0 and a < Ija(ma(7k, ¢%)) < b We will
prove that 712(7k, ¢%) — 112(v(¢*)) has a convergent subsequence. Indeed Proposition 2.2’
yields the existence of (vy) C R such that

(2.48) (m2(7k,¢%)i — vr is convergent.
Proposition 2.27" together with (2.45) then implies .
2 2 .
(2.49) > lma(rr, ¢ = dra(vi)))il = > _[af] — 2vk.
=1 =1

Thus the right hand side of (2.49) is convergent. By (2.44), [¢¥] + [¢5] — 2v(¢*) is bounded.
Therefore it can be assumed that vy — v(¢*) is convergent. Hence ny5(7k, ¢*) — ¥12(v(¢*))
has a convergent subsequence as stated. This shows, as in (i), the existence of y and M > 0
such that if (2.40) holds with ¢ = ¢* and s € [0, s«], then

Ima2(s, %) — $r2(v(g*)lwrz < M.

Now (2.46) implies that ||I1,(n12(sk, ¢))|lw1.2 > 7 for large k. As in (i), the existence
of Tx implies 5, the largest positive s < si such that ||I],(712(3k, ¢*)llwr2 < v is well
defined. Then

(2.50) 1112 (n12(s, ) lwrz =
for s € [sk, Sk and

(2.51) M2k a%) = Y12(v(g*Nlwr2 < M.

15
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By (2.47), we conclude as in (i) that

Sk
(2.52) Ilnm(Sk,qk)—nxz(gk,qk)llwmSl I1112(ma(s, ¢“ )l wr.2ds

Ik

1 o ' b—a
<= [ Miatmats, gD linsds < 222

Thus using (2.51)-(2.52), we have

(2.53) Ima(skr2*) — Pra(v(@*)lwra < M + 2 =

But (2.53) contradicts (2.46) and (ii) follows.
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§3. A Morse Lemma near infinity

Proposition 2.2 describes the failure of the Palais-Smale condition for I(¢). Our main
result in this section provides us with a kind of Morse Lemma for a suitable neighborhood
of the set where (PS) fails. For the sake of simplicity this result is presented for the case

k k
where }jg¥ — ¢¥||w1.2 remains bounded while {|¢¥][;2 — 0 and | [q§ — .Q_%—_q_?.] | - oo.

Stated informally, we will show there is a neighborhood of “infinity” in which there is a

change of variables ¢ = (q1,92,93) — (q1,¢2,Q@3) such that

1 [t 1
I(q) = Li2(q1,92) + ;/ |Qsl?dt + ,
= Jo N+,
1+1]Qs - B2 |
To state the result more precisely, let
(@ +a)] 2\
0= (1+1[0: -t p)
and
1 R A
¥ =3 [ IG:ld+ e .

Proposition 3.1:
1° Let V satisfy (V) — (V3). Given any C > 0, there exists an a(C) > 0 such that
whenever ¢ = (q1, g2, q3) € A satisfies

(i) llqr = v(@)llL= + llgz = v(¢)llL < C and

(11) 2“(13”%2 + 1 + l[q:}] _ v(q)lz S Q(C)

for some v(q) € RY, then there exists a unique A(g) > 0 and

(3:2) Qs :[(h_;q_ﬂ"*'%(%—[‘13])'*‘/\([93———(11;(]2])

such that

(3.3) I(q) = I2(q1,92) + ¥(q).

Moreover A is differentiable.
2°. Conversely let V' satisfy (V;) — (Vs). Given any C > 0, there exists an a(C) > 0 -
such that whenever (q;, 2, @3) € A satisfies

(iii) lg1 ~ v(@llL= + llg2 ~ v(@)l| L= < C and

16




: 1
iv) & 2, <a

for some v(q) € RY, then there exists a unique u(q,¢2,@3) > 0 and

(3.4) 93 = Lq_l';‘:—qgl'*'%(Qs—[Q3])+#([Q3————QI;Q2})
such that
(35) I(q1,92,93) = L12(q1,92) + ¥(9)-

Moreover p(q1, g2, @3) is differentiable.
3°. If V satisfles (V1) — (V5) and a(C) = «(C) are chosen still smaller, then

Aq1,92,93)1(¢1,92,Q3) = 1, and the transformations defined in 1° and 2° are inverse

diffeomorphisms.
Remark 3.6: Conditions (i) -(i1) and (iii) - (iv) may be replaced by:

.+_
() Sl - 2202y,0 <6 ang
1
— < B(C
T+ -agmp = Y
with g3 replaced by Q3 for (iv). Indeed if (q1, g2, ¢3) satisfies (1)-(ii), then |[¢i] —v(g)| < C

for : = 1,2 and [—q—l-j;—gd - v(q)l < C. Therefore (1)-(ii) imply (v)-(vi) with C; = 2C

-

and 3(C;) replaced by a suitable new constant. Obviously (v)-(vi) imply (i)-(ii) with
v(q) = 3la1 + g2

(vi) 1lldsli2. +

Proof of Proposition 3.1: 1°. Let C > 0, ¢ satisfy (i)-(ii), and set w3 = g3 — [¢3]. To

verify (3.3) we must show if a(C) is small enough, the equation

1 ! 1
3.7 — 03| dt
= I(Qlan» (13) - Il2(Ql3q2)

has a unique solution A > 0. The function

1

142 [ - 212

R L
(bq()\)—__—'iﬁ/o |w3l2dt+

is nonincreasing in A. Clearly
: >
(3.8) lim go(}) > 1

17




and @4(\) decreases to 0 as A — oo unless [g3] = 3[q1 + g2]. If [g3] = J[g1 + ¢2), then

2
(3.9) llas] — v(a)l < %E -‘25
Thus

1. 2 4
(3.10) EH‘ZSHH + 1+](g3) ~ v(q))? Z 44 C2

Requiring that a(C) < 4(4 + C?)~! shows (3.10) does not hold and ¢4(A) is strictly
decreasing for A > 0 and tends to 0 as A — oo. Consequently (3.8) then implies that (3.7)

has a unique solution if

(3.11) I(q1,92,93) — I2(q1,42) < 1.

Let Vi;(z) = Vi;(2) + Vji(~z) for 1 < i # j < 3. Then (3.11) is equivalent to
1/ 5 )
(3.12) / (3|<13|2 — Vis{g1 — g3) — Vas(q2 — q:;)) dt < 1.
0 -

By (1)-(ib),

(3.13) gz — il 2 lgs — v(@)] = lv(a) — ¢il = llgs] = v(D)] — lgs — gsll — v(9) — ail
> |lgs} = v(@)] = lldsllz2 — v(q) — gil

1 1/2
> (Q(C) - 1) —(2a(CH?-C, i=1,2

Thus (3.13) shows

mf qu(t) — qi(t)) — o0
te[o,1

as a(C) — 0 for: =1,2. Consequently (Vo) = (V3) imply that if a(C') is small enough, we

have
L . 1
(3.14) -/ (Via(qr — q3) + Vas(qz — ¢3))dt < 2
0

for any q satisfying (i)-(ii). If we further require a(C) < 1, then by (ii),

[ A

1
(3.15) %/ lg3]%dt < a(C) <
(4}

and (3.12) is satisfied. Thus 1° is proved. Observe also that A is differentiable since
VecCt

18




2°. Let W3 = Q3 — [Q3]). Surpose C > 0 and (g1, g2, @3) satisfy (iii)-(iv). We want to
show if a(C') is possibly still smaller than in 1°, the equation
(3.16)

, 1 i - + q2 + g2 1
u"Q(#)EZﬁ/O IW'slzdt—/o Vis (M—12—QJ+#([Q3—&§&1}>+;"V3*Q1> dt
1
. + g + 1
—/0 Vas (@1—‘)—(1—'1+#<[Q3—g1—2—q3]>+;1’1/3—92>dt

= ¥(q)
has a unique solution p > 0. Clearly yg(p) is well defined if
- + + 1_..
(317) [i‘—z—qz—]w([czs—?l—z—q—?])+;w3(t)—q,~(t)#o

for all t € [0,1] and ¢ = 1,2. Assume (3.17) for the moment. Let & be any solution of
(3. 16). We consider the dependence of Z on ¥(q). We claim

q1 +f12
3.18 ] - -~
(3.18) \p(;gn_oul [Qs } | =
and
3.19 li “NWall 1o =
(3.19) gim (D)7 Wl =0

uniformly for (q;, g2, @3) satisfying (iii)-(iv). To prove (3.19), note that at any u satisfying
(3.16), by (V3) we have

(3.20)

= / W3 2dt < U(g).

Since [W3] = 0,

S (2%(q))'/?

(3.21) “ W

l ] W

via (3.20) which yields (3.19). To get (3.18), note that by (iii) and (3.21),

3oy |t g ([Qa _ !i%ﬂz]) + %W;,(t) - q,-(t)‘

2
< l[‘h] —U(Q)| |[f12] v(q)

q1 + q2
2

| s = v(@)fl = +ﬁ} [Q3 _

q1 + q2
2

12,

<X 1w +'ﬂ| [Q'“‘ -
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k k
+ .
ql——q—z} remained

2

for i = 1,2. If there were a sequence (q°, ¢¥, Q%) for which E' [Q§ -
bounded while ¥(¢*) — 0, then

1 ko ok ko ok
~ +4qs) + 45 1
_/ V13<[QI 2(1_]+uk<[Q§_q1 2q~D+___W3k_qlgc)dt
0 Hi

would be bounded from below by a positive number uniformly in k as a consequence
of (V1) — (V3), and (3.22). This would contradict (3.16). Therefore (3.18) holds for any

solution z.

Next observe that ¥(¢) — 0 if and only if

Lia,z 1 .
219l * T =P

for any (¢i, ¢2, @3) satisfying (ii1). Indeed we have

(3.23) |[Qsl—v(q>|s|[ea—-‘&—’zﬂi] +%§;I[Qi]—v(‘ﬂl
ool
and
(324 s - 252 | <1i@s] - (o + %; a1~ (@)
< 11Qs] () + 5-

Thus ¥(q) is small is equivalent to &@(C) is small since (g1, g2, @3) satisfies (iii) and (iv).

We require that

a(C) < iTce
Then l:Q;; ~ q—li—-—q}-] is strictly positive by the argument following (3.10). Therefore
[ Q1 +q2
#' LQ3 ) ] S
as yu — 00. Since
ll Ws + Il [g1 + lan +q2]
I .-
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remains bounded, i = 1,2, as ¢ — oo, we see from (V3) that
(3.23) Yo(p) is defined for large p and lim ¢q(p) =0.
p—00

The interval on which g(u) is defined can be characterized further. By (iii), for

1 =1,2,

H[q1+q2]_qi <3¢
) Lo 2
Using (3.21), ¢¥g(u) is defined if
/ 2 3C  ||Ws).
(3.26) ul [Qs — 1+ g2 > L W3l 1
2 2 7

As noted above, [Q:; - gl—gﬂ] is nonzero. Hence (3.26) defines an interval [u;, 00| since

if (3.26) holds for some y, it holds for any i > u. Let us compare 1 g(p1) and ¥(g). Either
1 .
@) 5l > ¥
2

and then by (3.16) and (V2), ¥g(u1) > ¥(g) or

1 c o
(b) '{ZEHT’VBHU < ¥(q)
in which case
> 3C Will2 _ 3C
1

and for 1 = 1, 2,

(01 j)-fn] + o ([Qg _a ;qz}) + —1'W3(t) ~ qi(t)
— K1

4

(3.28)

IN

2 -
E : I[QJ] ;v(Q)I + |v(q) _ q:'(t)l + HVV:]”L2 +,U.1‘ [@3 _ q1 ';'QZ]
— 2

J
<3C + 1+ (20(q))/2

Hence there is an ag such that if

=

By the above remarks, @(C') small implies ¥(gq) <
a(C)<agand: =12,

01 ;rqzl o ([Qa _ ;‘12]) L W) q,-(t)l <3+3C
H1

(3.29)

for all t € [0,1]. Now (3.29), (3.16), and (V2) imply the exis' :nce of a constant 3(C) > 0
such that

(3.30) Yo(u1) 2 B(C)
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where 3(C) is independent of (q1,q2, @3) satisfying (iii)-(iv) (provided that @(C) < ay).
If we further choose a(C) so small, say a(C) < ay, so that

(3.31) Y(q) < B(C),

(3.30)-(3.31) show vg(u1) > ¥(q) for case (b) as well as for case (a). This coupled with
(3.23) shows that (3.16) has a solution 7z. Observe that any solution satisfies (3.18)-(3.19).
Hence (3.26) follows from (3.18)-(3.19) for 4 = & provided that ¥(q) is small enough.
Therefore p € {1y, 0c) if a(C) is small enough.

To prove the uniqueness and differentiability of zz, we need only show
(3.32) () < 0.

For:=1,2, let

+ + —_
z; [—(11—(1]-{-[1([@3—‘&9—(12]>+/1 "Wy — qi,

D)

-

[Q3 _ gl_iﬂ] _F—2r /'3’

-

-

II

and
_ + g5 .
Siz—g[—l 1¥'V3+q,'—[q1 oq]
Then
(3.33) ——3/ W) 2dt — / Vii(zy) - ydt
1 1
/ Vi(=21) - (y)dt - / Via2) vt + [ Vip(-z2) -y
0 0 0

1
= '“3/ |W3|2dt "1/ Vis(z1) - (z1 + z1)dt
0

+/ Vii(—zy) (21 + 21) = Vys(z2) - (22 + 22)
]
+ V3a(=22) - (22 + 22)dt.

From (3.18)-(3.19) and (iii), we know that for i = 1,2,

(3.34) lz4(t)| > p' {Q3 _ .q_ﬂZ] _ l sl _3c. o
2 B ilpe 2
as ¥(q) — 0 and
5 "IIWsllLoo 3C
(3.35) |z:()]| Lo < 5 = <3 +1

o
o

——_——




if @(C) is small enough. Using (V3), there is an ap such that if a(C) < az,

! C !
(3.36) Vo) i — (§.,— + 1) V3, (z:)} >0

! 3C !
~Via(=zi) - 7i — ('7,— + 1) [Via(—=zi)l > 0

for 1 = 1.2. By (3.36), ¢¥o(#) < 0if a(C) < a2z and the proof of 2° is complete.
Lastly to prove 3°, let g3 be defined by (3.4). Then

(3.37) 23] = [-q—‘%z—] +p {Qg ~ 3‘—;"13J
and

(3.38) g3 — [g3) = p™H(Q3 — [Q3)).
Solving (3.37)-(3.38) for (Q3]. Q3 — [Qs] yields:

(3.39) Q5] = [5’%—@] +u7! [‘I:s -4 ;‘“’]
and

(3.40) Qs — (@3] = p(gs — [g3])-

In the proof of 2°, it was shown that ¥(q) — 0 is equivalent to @(C') — 0. Consequently, re-

calling that 113 = Q3—[Q3], (3.39)-(3.40), (3.18), and (3.21) show that | [(h _ & ‘;‘12]

oc and |[¢3]|z2 — 0 as @ — 0. Hence (q1, g2, ¢3) satisfies (i) and (ii) for & small. Therefore
(3.2) holds. Comparing (3.2) to (3.39)-(3.40) shows A(q1,92,93) = £~ *(q1,92,@3). The

composite of the transformations of 1° and 2° is then readily seen to be the identity and

3° easily follows.
In §5. we will need the following consequence of Proposition 3.1:

Corollary 3.41: Let (¢1,92) € A2 and set

2
1
Cag1.q2) = Z lg: - E[q' + g2l e

=1

Then there exists a continuous function a(q;, g2) such that if g3 satisfies (ii) of Proposition

3.1 with a(q;,¢,), then both systems of coordinates given by Proposition 3.1 are available

at (q1,92,93).
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Proof: Ey Proposition 3.1, for any (q1,q92) € A2 and C = Ca(q;.g2), there is an a(2C)
for which the conclusions of the Proposition are valid at (q1,¢2,q3) for any ¢z satisfying
(11) (with v = ${q; + ¢2])- Note that (i) is satisfied with C replaced by 2C for all points in
a neighborhood 17, . of (q1,¢2). This gives us a covering of A2 which possesses a locally
finite refinement {117,,}. Let (p,) be a smooth partition of unity subordinate to {Wy,}.
Now define

(3.42) algr,a2) = ) a(20:,Pmla1, 42)

m

where a(2C ), is the a(2C) associated to some TV, ¢, such that W, C W, 4,. Then by

(3.42),

m

a(q1,92) < o(Clw

where a(C)y- is the largest of the ayy,, such that pw,_ (q1,¢2) # 0. Since Proposition 3.1
holds at (q1.¢2. q3) where g3 satisfies (ii) with a = a(C)w, it holds a fortiori for a subclass

of 113'5 with a = O((ql,qZ).

Remark 3.43: The function a(q;,g2) may be chosen so that it is differentiable with
derivative bounded by €. Namely we can take py satisfying |p},| < Kp for a suitable .
constant Ay and then choose a{C)wy < L7/

We conclude this section with two more corollaries of Proposition 3.1. The first of
these provides. modulo translations, a priori bounds for critical points of I which depend

on the corresponding critical value.

Corollary 3.44: Let V satisfy (V) — (V5). Let M > €; > 0 be given. Then there
exists a constant C(e;, M) > 0 such that for any solution ¢ = (g1, g2, ¢3) of (HS) satisfying
€y < I(q) < M, thereis a v(q) € R¢ so that

3
S llai = v(@)wrz < Clea, M).

=1

Proof: If the Corollary is false, there is a sequence (¢%) = (¢¥, g%, ¢¥) such that

I(q4*) = c € [e;. M]. I'(¢*) — 0. and ¢ — (&) is not bounded in W2 for (£x) C R
Since (I(q*)) C [e;. M]. ¢* is bounded in L?. Therefore ([¢*] — ¥(£x)) is not bounded in
RY. An argument as in the proof of Proposition 2.2 shows [¢f — q]‘] converges (along a
stubsequence) for some 1 # j for otherwise I(¢¥) — 0. Hence without loss of generality, we
can assume [¢F — ¢¥] converges. Let & = 1[¢f + ¢%). Then [¢F] — & is bounded, i = 1,2

and we can assume ¢F — &, converges. ¢ = 1,2. As in the proof of Proposition 2.2 again.
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this implies VY5(¢f — ¢%). VJi(q¥ — ¢§). ete. — 0'in L. Hence by (HS), ¥ - 0in L™
so 45 — 0in L% Choose C so that ¢* satisfies (i) of Proposition 3.1. Then for large k,

¢* also satisfies (ii) of Proposition 3.1. For such k, we may write
(3.45) I(¢") = Ia(q7, a3) + ¥(").

Therefore by Remark 3.6, (¢¥, ¢, Q%) also satisfies (iii) and (iv) of Propositicn 3.1 for large
k. By 2°(b) of Proposition 2.2, I(¢¥) — I2(qf,¢5) — 0. Consequently the sequence enters

the domain where the map

(3.46) ¢ : (q1,92,93) = (q1,92,@3)

is a diffcomorphism. In this domain, critical points of I(q) are also critical points of

(3.47) I(q1, 92, @3) = Li2(91, g2) + ¥(g)

in the (g.¢2.Q3) coordinates. At such a critical point, (@3] = 3[q1 + g2]. As has been
noted earlier. a(C) < 4(4 + C?)~! implies this is impossible. Thus Z has no critical points

in this region and there does not exist a sequence as above. The Corollary is proved.

The final result in this section shows that the only “(PS) sequences” in a neighborhood

of infinity are those which have a “two body” limit.

Corollary 3.48: Let V satisfy (V1) — (V). If C > 0 and 0 < a < b, then there
exists an a(C,a,b) such that whenever (¢*) is a sequence in A satisfying (i) and (ii) of
Proposition 3.1 with C and «(C, a, b) and such that I{¢*) — ¢ € [a,b] and I'(¢*) — 0, then
Lia(gf.q%) = ¢, I,(q¥,¢%) = 0, and ¥(¢*) — 0. In particular (iii) and (iv) of Proposition
3.1 are satisfied by (¢f, ¢§, Q%) for large k.

Conversely let (¢¥, ¥, Q%) be a sequence in A satisfying (iii) and (iv) of Proposition
3.1 and such that I;2(¢¥,¢5) — ¢ € [a,b], Ij,(¢f,q5) — 0, and ¥(¢*) — 0. Then
I(gf.q5,45) — c and I'(¢¥, ¢}, ¢%) — 0. In particular (i) and (ii) of Proposition 3.1 are
satisfied by (¢F, ¢5, ¢¥) for large k.
Proof: Suppose (¢*) satisfies (i) and (ii) of Proposition 3.1 and I(¢*) — ¢, I'(¢*) — 0.
Then either 1° or 2° of Proposition 2.2 holds. If 2° holds, there is a subsequence of ¢*

and a pair of indices r # j € {1,2,3} such that [[¢¥ — ¢*]| is bounded and |{gf — ¢f]l,
ll¢* - qj‘]l — oo where 7 is the third index. Then by (i) and Remark 3.6,

2
.1, . .
(3.49) > llar = 5lat + a2lll= < Cr.
=1 -

25




Thus (3.49) shows |[¢gf — ¢§]| is bounded so 2° holds, {r,j} = {1,2} and i = 3. Hence by
2°, llgslle = 0. llas = 3(af + ¢3)]l — oo, ILialar,95) — ¢ and Ij,(¢f,qf) — 0. Thus
¥(g*) — 0 along this subsequence. Therefore (iii) and (iv) hold for large k along this

subsequence.

If 2° of Proposition 2.2 does not hold along a subsequence, |[¢¥ — qf]l is bounded for
i #J € {1,2,3}. We can take vy = 3[¢¥ + ¢}] as in (2.7). By 1° of Proposition 2.2,
qF — v — ¢® in W2 for i = 1,2,3. By (3.49),

(3.50) la"llze + 927l < Cir.

By Corollary 3.44, there is a w(¢®) € R such that
3
(3.51) > Hlgf® = w(g®)|wrz < Cla,b).
=1

Therefore by (3.50)-(3.51),
(3.52) lw(g™)| < C1 + C(a, b).

Now by (ii) and Remark 3.6,

(3.53) 1/5(2,—1) ~1 < [[g4] - v(gh)]

< {q5] — v(gs) — [a5°1 + 1[a5°] — w(g®| + [w(g™)].

Hence for large k, by (3.51)-(3.53),

. /;_
(3.54) 30 1<1+2C(a,b)+C,.

But as a(C) — 0, the left-hand side of (3.54) — oo while the right-hand side remains
bounded. Thus (3.54) cannot hold for small a and we must be in case 2° of Proposition
2.2 along our subsequence. Finally observing that what has just been established holds
for a subsequence of any sequence satisfying I(¢*) — ¢, I'(¢¥) — 0, our conclusion must

hold for the entire sequence, and the first half of Corollary 3.48 is proved.

For the converse, suppose that (¢¥,¢5 Q¥) is such that I2(q¥, ¢5) — ¢, Iy(qf, ¢f) —

0, and ¥(¢*) — 0. Then the associated (qf,qé',q;f) satisfy:

(3.53) I(q¥, g5, %) = Ia(qf, g) + T (g").
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Therefore I(q¥, ¢, ¢5) — c and (3.55), (V2), (V3) imply

1
(3.56) liellzs — 0 and - / Vis(g — gyt — 0.
0

i = 1,2. Proposition 2.2 implies the existence of vj such that (g — vx) converges for
: = 1,2 along a subsequence. Thus (i) of Proposition 3.1 holds for large k along this
subsequence. Also (3.56) shows that |[¢g5] — vk] — oo as k — oo and ||¢¥ — [¢§]||wr2 — O.
Consequently I'(¢¥, ¢5,¢¥) — 0 and (ii) of Proposition 3.1 is satisfied for large k along our
subsequence. As in the first part of this corollary, it then follows for the entire sequence

and the proof is complete.
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§4 A modified functional

Let 0 < €; < M with €; small and M large. To prove Theorem 1, we would like
to use the unstable manifolds for the negative gradient flow of I corresponding to critical
points of I in I™, Unfortunately the critical points of I might be degenerate and the
gradient flow does not satisfy the (PS) condition so we cannot do this. Therefore we
will approximate I by a new functional which is well behaved enough to permit the above
ideas to work.

To help handle the fact that the critical points of I might be degenerate, we use
Corollary 3.44 which yields the existence of a constant C; (€1, M) such that for any critical
point ¢ of I satisfying %1 < I{q) £ M +1, we have

3
(4.1) 3 llai = v(g) lwra < Co (%‘,MH)

for suitable v(g) € R%. Since our functional is invariant under translations in the sense
described in (2.24), (4.1) and (HS) show the critical set of I in I~! (%—,M + 1) is compact
after quotienting out the translations and I’ on this quotient space, A, is Fredholm and
proper in a neighborhood, N, of this critical set. By (4.1) and Proposition 2.9, we have

Proposition 4.2: Let V satisfy (V;) — (V5). Then for any § > 0, there exists a functional
J € C?*(A,R) such that

1° J is invariant under translations in the sense of (2.4),

2° J=1Iin K\Nl where N, is a small neighborhood of N

3° “J—I”C'z(]{'n) <$§

4° J |5 has only finitely many critical points in V)

5° All critical points of J |; are nondegenerate and have finite Morse index

6° J | satisfles (PS) for sequences in Ny

7° If § is sufficiently small, if -621 < J(g) £ M +1 and J'(g) = 0, then for a suitable

v(q) € R,

3
Z”%‘ "“U(Q)”wx.: <1+4C, (Ez-l-,M.f. 1)

=1

8° J'#£0on It = J% for ¢; sufficiently small.

Proof: The result follows in a straightforward way from approximation arguments due to
Marino and Prodi (7] and extended by Bahri [8] and Bahri-Berestycki [9].

Proposition 4.2 allows us to avoid problems of degeneracy for critical points of I in
IM+1 We apply the above procedure to each “2-body problem” associated with I. For
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the sake of simplicity, we restrict our presentation to Iis. Let K;;j(a,b) denote the set
of critical points of I;; with critical values between a and b. For p > 0, let N(p) be a
uniform p neighborhood of Kj2(€1, M + 1). Then taking the quotient Ayq of A2 by the
translational symmetry, I!, is Fredholm and proper on the image N(p) of N{p). Therefore
as in Proposition 4.2, we may replace I;2 by a new functional, J;5, which on 112 between
the levels €;/2 and M + 1 has only finitely many critical points. These points are also
nondegenerate and have finite Morse index. We can also assume Jj2 is invariant under
translations and Jiz |5 .= 12 | i,, Outside N (p). Moreover we may choose Jy2 as close
as we want to I;2 in the C? norm. In particular for all § > 0, there is a Jy2 having the

properties stated above and

(4.3) [J12 — Izllc2(asa,r) < 8-

Next we suitably modify J using the functionals J;; just constructed. Proposition
~ (€
2.36(ii) provides us with a constant C (-21,M + 1) such that for any ¢ € N(p), there

exists v(q) € R* satisfying
(4.4) I(n:i(s,@))r —v(@)lwia <C, r=1,2
for any s > 0 such that

€
(4.5) —25 < Lj(ni(s,q)) S M +1.
For future reference, observe that (4.4) holds for J;; and the corresponding 7;; with €; and
M + 1 instead of €1/2 and M + 1. Indeed either #;;(s,q) € N(p), in which case applying
(4.4)-(4.5) with s = 0, ¢ = 7;;(s,q) and 521 > 6 of (4.3), we derive the conclusion, or
fij(s,q) & N(p). For this latter case, let s, be the maximal time smaller than s such that
7ij(31,9) € N(p). Since Jij(z) = ILj(z) outside N(p), #ij(s,q) = n:ij(s — 81,7i5(s1,9))
and the same conclusion holds. Therefore for future use we have: for all ¢ € N(p) which

is a neighborhood of the critical set for Ji2 between the levels ¢; and M + 1, there exists
v(q) € R¢ satisfying

(4'6) ”(ﬁij(sv Q))r - U(q)”wx.z < és r=1,2

for any s > 0 such that Jy;(77:;(s,q)) = €1.
As for (i)-(ii) and (iii)-(iv) of Proposition 3.1 for I - see Remark 3.6 - we can replace
the conditions (4.4) and (4.6) by

2
(47) 3 l0me5 o, @)e = 310ne5 (5,01 + (a3 (s, alllwra < 3C

=1

29




and by the same expression with #;; instead of n;;. Conversely a condition of the form
(4.7) implies a condition like (4.4), (4.6) with e.g.

(@) = 5((n53 (s, 0)s + (migls ))a)

for (4.4).
With C as in (4.4) and (4.6), we now define

-~

(4.8) C=6C.

With this choice of C in Proposition 3.1, there is a corresponding C; and $(C,) given
by Remark 3.6 such tl.at if (q1, g2, ¢3) satisfy (v)-(vi) of Remark 3.6, then Proposition 3.1
holds. We choose C still larger and #(C}) smaller so that in fact Proposition 3.1 applies
for this choice of Cy, B(C,), both in the (g1, 42,93) and (g1, ¢2,@3) coordinates. Actually
we will be using this fact more for the (g1, ¢2, @3) coordinates. We also further restrict
C, and B(C,) so that Corollary 3.48 applies. If §(C,) is chosen still smaller, the three
neighborhoods defined by (v)-(vi) of Remark 3.6 in the (g;, ¢;, Q,) coordinates are pairwise
disjoint and do not intersect the set

3
{(ql,qz,qs) | Z llgi — v(@)|lwrz <14 Cy(€1,M) for a suitable v(q)}

1=1

The following construction should be understood as being carried out with a permu-

tation of indices. Let
(4.10) wiz : A — [0,1]

be a C* function such that w;2 = 1 on V, the set of (q1,92,Q3) satisfying (v)-(vi) (of
Remark 3.6) with constants C{ = Cy/2 and §'(C;) = B(C1)/2, and w;2 = 0 outside of
V2, the set of (g1,92,@3) satisfying (v)-(vi) (with constants C, and #(C,)). Note that
vl, V. C M+

We define a new functional I as follows:

(4.11)  I(g) = (1 ~ Zwa(Q)) J(q)

1<y

1 ! 1
+ ) wii(q) | Jij(qi,95) + -/ |Qr|%dt + ——
gj ’ ’ 2l 1+|{@r - "“—_q‘;qan
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where r € {1,2,3}\{7,7}. Defining V1(7,7), etc. in the natural way, observe that in each
neighborhood of type Vy(,J), the functional

f(Q) = tJ q" 9_7 / 'erzdt
1
1+([Qr — (g + g5)1I?

+

and in each neighborhood of type V2(z,7),

(4.12) I‘(q)=w¢j<q)( (06, 05) / 1, 2de

e - -2-(q£ ¥ qj)]lz) + (1 —wij(9)) 7 ()

due to the fact that the sets V2(7,7) are pairwise disjoint. Observe also that outside of the
sets Va(i,7), I(q) = J(q). In particular, by the choice of B(C;), I = J near the critical
points of I having critical values between €; and M + 1 since these points satisfy (4.9).
Therefore (4.11) does not change our previous modification of I near the critical set of I
between €; /2 and M + 1.

Note that for any € > 0, we may choose the functionals J;; so that

(4.13) (I=Jlcs <e.
Indeed from (4.12) and (3.5),
(4.14) I~ Jc2 € |Bwij(Jij = Lij + I = J)||ca-

Since the w;;’s are fixed, for § sufficiently small, (4.14), 3° of Proposition 4.2, and (4.3)
imply (4.13).

Our next step involves the definition of a suitable pseudogradient vector field, Z ,for I.
For the sake of simplicity, we consider the case t =1, 7 = 2; the other cases are obtained

in the same way. Let

Vo = {(q1,92,Q3) € A | (q1,92,Q3) satisfies (4.15)-(4.16)} N IM+1

where
2 +

(4.15) > e - [‘“ 2"2} . <Cy/4
t=1 had

(4.16) ¥(g) < B
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where () < ﬂ%—l is a small constant which will be chosen after (8.1). Let V{ be defined in
the same way as Vo with ) replaced by 8(C1)/4. We will define Z in Vg in the (91,92, Q3)
coordinates since by our choice of C;, B(C1), and Proposition 3.1, they are alternate
coordinates to (q1,42,93) in Vs.

Let Z12(q1,42) be a pseudogradient vector field for J12(q1,492) on A1z or equivalently
a pseudogradient vector field for Jy2 on A;2, which is invariant under translations in the
sense of (2.24). We further require that Z;, generates a Morse-Smale flow under the level
M + 1. By this condition we mean the foliowing: Consider

d¢

(4.17) i —Z12(¢), #(0,(q1,42)) = (91,92)-

Note that any equilibrium point of this flow is a critical point of J;2 and conversely. The
flow is a Morse-Smale flow if the stable and unstable manifolds corresponding to any critical
point of J;2 intersect transversally in sections to the flow, e.g. on each noncritical level
set. The existence of such a Z;; can be found e.g. as part of the proof of Theorem 7.2
for a finite dimensional case and in the proof of Theorem 8.2 for our case. Once Z;2 has
been obtained, we further require that all points (g;,¢2) on the unstable manifolds of Z;2
between the levels €;/2 and M + 1 satisfy (4.15). That this is possible follows from (4.8)
and the surrounding paragraph related to the choice of C,.
To get the pseudogradient flow in Vs, we first define it in Vo where it is given by:

%(91&2) = —Z12(q1,92)
(4.18) 2@~ @s]) = ~(@s ~ [@s)
;; [Qa @ ‘;92] —0.

This will be denoted more succinctly in the (g1, g2, @3) coordinates by

d .
(4.19) &:(QI1921Q3) = —Z12(q1, 92, Q3)-

Let w2 be a function such that
(4.20) Wiz € COO(VZ, [0, 1])
@12 = 1on Vo, w1z < 1on Va\Vo, @12 2 % on V§ and @12 = 0 on Vz\V;. We extend Z12

to V; as follows:
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—;

&%(qlm) = ~Z12(q1,92)
(4.21) 2 (@5~ [@s)) = ~(@s - (@3]
q1 + Q2
d Q@ t+a| _ - s — ]
= {Qs S } = (1 —wlz(Q1,Q2,Q3))I[Q3 T _z_qzn.

Next Z,5 is extended to V. Let ~Y12(q1, 92, 93) be the vector fleld given by the right hand
side of (4.21) expressed in the (g1, 42, ¢3) coordinates. Observe that Y;2 is defined on V.

Then our extension is via:

d -
(4.22) 7 (91,2, 03) = —wi2Y12 ~ (1 —wia) I’

where w2 is defined in (4.10), and wyz =1 on V; and wy2 =0 on A\V..
Carrying out this construction on each V2(3,J), the resulting vector field, which we
denote by Z, is globally defined and C!. Consider the corresponding flow
dq _

. (4.23) == -Z(q).

The following lemma obtains for this flow. For convenience, it is stated for the case of
t1=1, g=2.

Lemma 4.24: Let

vl’.(lvz) = {(qh q2, QS) I (':)12(th21 Q3) 2

}.

N -

Then there exist constants K andé; > 0 such that for any ¢ € V2(1,2)\V{(1,2), we have:
I'(q)2(q) 2 61 and |1 Z(g)lws <K

provided that § is chosen small enough in (4.3).

Proof: The arguments in (4.3)-(4.8) show C, is independent of the approximation of
I;; by Jij. V2(1,2) is defined via (4.15)-(4.16) with C, replacing C1/4. Since Vo(1,2) N
(V2(1,2)\V{(1,2)) = ¢, we have

2
(4.25) > llai - %[91 + gz]l[z= > C1/4

=1
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(4.26) U(q) > B(C1)/4

for all (q1,92,@3) € V2(1,2)\V{(1,2). Suppose (q1,qz) satisfies (4.25) but (4.26) does not
hold for (g1,¢2,Q3). Since Z;; is a pseudogradient vector field for Ji2, thereisa v > 0
such that

(4.27) T12(9) Z12(g) = 1IM12(D)lf1.2

(where ¢ = (q1,42)). By our choice of ¢c=C (%I,M + 1), g must be outside of N(p)

which is a closed neighborhood of the critical set of J;2. Hence there exists an € > 0 such
that [[713(9)[1315 > €0 and

(4.28) J12(9) Z12(q) = €07 > 0

for all ¢ outside of N(p) and such that Jy2(q) > € — B(C1)/4 > e1/2 if B(C1) < e1/2.
Thus for this case Jy2 = I;2 and

(4.29) I'(q1,42,93)Y12(q1,92,93) = J12(q1,92) Z12(q1,42) > €07y
and
(4.30) 1213 =wia 'Yz + (1 = wi) | I'|3s >

> wizeoy + (1~ °~’12)”I~'“3v1'2-

Now by (4.25) and Corollary 3.48, there is a §) such that (11112 > 64 on Vo(1,2)\V{(1,2).
Hence the lower bound for I'Z follows in this case.
Next suppose (4.26) holds. Then, letting Y12 denote the 3"% component of Y;2, we

have

2
(1 +[Qa - 2(a + a2)]B)?

1
(4.31) V' (q)Y 12 = /o 1Qa|%dt +
- 1
(1 —@12)|[Qa - 5(‘11 + q2)]|
Under (4.26), either

l .
(4.32) /(: |Q3?dt > B(C1)/8
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and then
U'(q) - Y12 > B(C1)/8
or
1
. C
(4.33) TG " la s ol > B(C1)/8
in which case |
(4.34) Qs — 2(as + g2 € s — 1.
2 ~ B(C1)
Since (g1, ¢2, Q3) € Va2, by (4.16)
(4.35) [Qa — %(41 +q2)]* 2 ﬂ—(é—l)‘ - L
Furthermore
(4.36) @12(q1,92,Q2) < -:1,:
Hence by (4.31),
= [[@a — 3(q1 + ¢2)]]
Y
¥ 2 Qe o + @)

which by (4.33)-(4.35) is bounded from below by a positive number if §(C,) is small
enough.
Thus in both cases (4.32) and (4.33),

(4.37) I'Z = wiaI'Y12 + (1 — wa2) [ 7|1

> w2 WY 2+ (1- wl'-’)llj’ll%'/m
- (1~ wi2)|wiaZllwralliz = Jia

—wiz||I{3 = Ji2llwral| Z12flws.

Since ||I’]] is bounded from below on V2\Vo by a positive constant by Corollary 3.48 and

since U'Y , is similarly bounded from below, we have
(4.38) 'z2>6>0

provided that |I;; — J12| is small enough and as is proved below, ”2”w1.: and || Z12||w1.2
are uniformly bounded. Thus the first part of Lemma 4.24 is proved.
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For the second part, observe that there is a constant K such that ||I’(q)||w:.2 < K

whenever

(4.39) Il < M+1.

Indeed

(4.40) 1" (@)llwsz < fldllez + (V' (a)ll -

Now (4.34), (V2), and (4) imply
(4.41) ldllzs < (2(M + 1))/

By Proposition 2.1, (|¢i — gj|lr= > 6 where § depends on M + 1, and by (V;),(V3),
Vii(s) £ K2(6) for s > 6. Hence the existence of K follows. Similarly there is a K] such
that || 7;(gi, ¢;)llw1.2 < K{ whenever I;;(gi, ;) < M +1. Since I =1I||c2 and ||J;; — ;]| o2
are small, we then get bounds for ||I'||w1.a, [[J{;]lw.z similar to those for I', Il.. Hence
we get bounds for Z;;. The construction of Z from Z,; and v. bounds already obtained
then yield the bound for Z.

Lemma 4.24 has the following interesting consequence:

Corollary 4.42: Let g(s) be a trajectory of (4.23) with ¢; < I(g(0)) < M +1 and s > 0.
Then there exists an so > 0, depending on ¢(0), ¢ and 7, such that for s > s, g¢(s) either
remains in Vy(%,7) or in A\ V,(¢,7).

Proof: Let U C W be neighborhoods of V{ such that ¥ C V; and dist(9U, W) > 0.
Suppose ¢(s) is a trajectory of (4.23) such that g(s) € W\U for s € (s1,s2). Then for
3 € (s1,82), the estimates of Lemma 4.24 apply and

(4.43) T(g(s1)) - F(a(s2)) = - / ” F(a()) 2 (a(s))ds
< 81(s1 — 32))
and
(4.44) la(os) = alo)lwss < [ N2 (g(e)wra < K(s2 = 1).

Estimates (4.43) - (4.44) show that if ¢(s1) € 8U and q(s2) € 3W, the change in [ produced
by going from 38U to W can be estimated by

(4.45) F(q(s1)) = F(a(s2)) < ~61(s2 — 81) < —%‘ dist(aU, aW).

36




Now if ¢(s) does not remain in V; or in A\Vz for all large s, either: (i) g¢(s) € V2\ W1
for all large s, or (ii) g¢(s) oscillates infinitely often between (a) 8V; and 3V,, or (b)
Vi and V2\V; or (¢) A\V: and V.. If (i) occurred, we could apply (4.43) with U = VY,
W = Va, and s, arbitrarily large. But this contradicts the fact that [ > 0. If (i) (a)
occurred, the estimates (4.45) can be applied infinitely many times again contradicting
that I > 0. The argument of case (i) in fact shows gq(s) € V2\V{ for all large s and thus if
(ii) (b) occurred, ¢(s) must oscillate infinitely often between 0V{ and 8V;. The argument
of (ii) (a) excludes this possibility. Finally estimates of Lemma 4.24 can be shown to hold
for a neighborhood of V of V, with dist(8V,8Vz) > 0. Thus (ii) (c) follows from above

arguments.
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§5 Proof of Theorem 1.

In this section we show that (V1) — (V) imply that the set of critical values of I is
unbounded. The proof relies in part on some technical results whose verification will be
carried out in §8.

Since the proof is rather lengthy, we begin with a sketch. Suppose the set of critical
values of [ is bounded by a. Let M > a; a precise choice of M will be made later.
Recall that for s e R, I° = {y € A | I(g) < s}. Let I be given by (4.11) and let Z
be the pseudogradient vector field for I constructed in §4. Finally let €; be as defined in
Proposition 2.9 and 2.9’. It will be shown in §8 that any trajectory ¢(s) of (4.23) with
g(0) € JM+1 = IM+1 which does not enter I and I or does not converge to a critical
point of [ has a limit. The set of such limits, ¥, will be called the set of critical points at

oo of I and will be characterized as

X ={(3;,4;,Qr) € Asj x R*| (g;,7;) is a critical
point for Jy;, €1 < J{j(m,ﬁj) <M+1,
1 1
and |Q, — E[qi +¢;]] = ﬁ-—l —1}.

An “unstable manifold”, W°(g;,7;) will be associated with each such (g;,7;). Namely
W°(q;,d,) is the set of solutions of (4.23) whose limit set as s — —oco has a nonempty inter-
section with ¥. For a critical point g of I in IM+1, let W, (q) denote its unstable manifold
for (4.23). Let K(Ji;) denote the set of critical points for J;; and Kg[“ = K(Jij) ﬂJgH'l.
Let KM+! be the analogous set for I. Set

D= |J Wulg)

qGKM+l

and
3

Dati1 = U U W2 (3., 9;)
#i=1 (g.g,)ex*
and let W™ C V, be a set with a piecewise smooth boundary which contains It U Dg7, ,
in its interior. Let V¢ = Ve(Dar+1) be an € neighborhood of Dary1. By 6° of Theorem 8.2,

W may be chosen so that [M+! = [M+! retracts by deformation onto

(5.1) WUV,

and W retracts by deformation onto It U D57, ,. The sets Ve and V. N W are absolute

neighborhood retracts, i.e. ANR’s — see e.g. [10] — and their homologies vanish in
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dimension > m + 1 where m wili be defined shortly. Roughly speaking, the Betti numbers
(in rational homology) of (5.1) are uniformly bounded independent of M. (All references
below to Betti numbers are in rational homology.) Hence by 6° of Theorem 8.2, the Betti
numbers of A must be uniformly bounded. On the other hand, we will show that A can -
be characterized as the loop space of the set of pairwise distinct 3-tuples. By a theorem
of Vigué-Poirrier-Sullivan [11], the Betti numbers of A are therefore unbounded. This
contradiction establishes Theorem 1.

Carrying out the details of this sketch is a lengthy process. First we need some
estimates for the (generalized) Morse indices of the critical points of [ in IM*!, The
critical points of I lie in I® so by Proposition 2.1, there is a § = §(a) such that for any
critical point ¢ of I in I®, (2.1)" holds. Moreover by Corollary 3.44, these critical points
of I are uniformly bounded in E (up to a translation) by C(e1,a). For any such ¢ and any
p € E,

3

I"(9)(pr0) = f B2 = 3 Ve - a) s — ) (0i — ;) | dt
i£j=1
= ‘(plz (qt—qJ)((pt —¥; )(‘Pm ‘PJn) dt.
/0 t;é;lz‘—l k;éz af af * ¢

The generalized Morse index of q is the dimension of the subspace of E on which I"’(q) is
non-positive definite. The form of I” and above remarks on § and C(e;,a) show the Morse
index of any critical point of I in I° is bounded above'ky some m = n(a) € N. By (4.13)
and Proposition 4.2, ||I — I|jcs can be made as small as desired and critical points of I lie
in a small neighborhood of those of I. Hence m, being an integer, is also an upper bound
for the generalized Morse index of any critical point of I. It can be shown that Dm+risa
Euclidean neighborhood retract — ENR — of dimension at most m. In any case, in the
sequel m is the dimension of Dasy;.
Next choose k € N such that

(5.2) k > max(m +1,9¢ + 3).

(A further restriction on k will be imposed later.) Let {2z} € Hi(A,Q). Then {z} may be
represented by a chain z having support in a compact set K C A. Choose M > a such
that K C IM+!, Then {z} can be interpreted as a homology class in Hx(I™*!,Q). Let

C=1IUDris
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Observe that Dpr41 = D,. For notational convenience we will generally drop the subscript
M +1 from D, D® in what follows. W in (5.1) retracts by deformation on C. Therefore

(5.3) H,(W*) = H,(C).

Since Ve, VN W and W are ANR'’s, the triad (W U V., Ve, W) is excisive and the

Mayer-Vietoris sequence holds:

(5.4) oo Hopt (WP U V) = H(W® UY,) —
- Hr(woo) @D Hr(ve) - Hr(woo U Ve) — e

(Here H.(A) = H,(4,Q)). If r >m, H. (V) =0=H,(W>nD). Hence H (WX UY,) =
H, (W) = H,(C) for r > m. Since k > m and {z} is a homology class of order k,
{2z} € H(C). Ideally we would like to interpret {2z} as an element of Hg(D), i.e. drop
I from C. This is not quite possible but something close to it is and will suffice for our

purposes.
Fori # j € {1,2,3} and r # 1,7, note that by (4.15), there is a C; > 0 such that

(5:5) la- = 3la: +gilllze +llgs = 3la + asllz= < Cu/4

whenever (gi,9;,Q,) € D™ and Ji;(g:,9;) > €1/2. Let a(qi,q;) be chosen via Corollary
3.41 and Remark 3.43 (with C(gi,g;) constrained by (5.5)) and further satisfying

. (€
(5.6) a(g;,¢j) < min (—21—,ﬂ(01)) .
Define
1
W = {(gi 5, @) € Aij x R | Jij(qir95) + =€
i {(¢i,4;,Q") ] | Jii(gis95) 1+(Qr - g + ;]2 1
1 a(gs, g5)
and < .
1+ |Qr — 3{a + g5li? 4 )

Note that since Ji;(gi,q;) < €1 on W7,

mark 3.43 provide us with a diffeomorphism between (g:, ¢;, @) and (g:, g5, ¢-) coordinates
provided that

1y, 1 (g:,95)
7 ~1Q,3d < 1,
(5.7) /o ZIQ' t+1+lQr—§[q;'+qj]|2— 4

I;; = Jy; on this set and Corollary 3.41 and Re-

But (5.7) is satisfied here since Q. is a constant.
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Let ( %)
a(qd:, 4y
Qij = {(%%‘) EAij|er— —q—4—l- < Jii(girg5) < 61} .

Note that Wf; is a trivializable sphere bundle with fiber

1
1+1Qr - Ha + ]2

F(Qia‘]j) = {Qr eR! I € — JiJ'(Qi’QJ')}

over Qy;. By Proposition 2.2/, J{; # 0 in J}\J EJ-‘ /2. Recalling (5.6) and further requiring

1 .
5.9 WI<E m ),
weJ\J}

a simple retraction argument and Proposition 2.9’ show Q;; has the homotopy type of a
subset of (R%)2. Hence

(5.9) (W“,Q) =0
forr > 3¢ - 1.
Next set
(5.100  Zy; = U {(@4,Q) € A x R | (¢i,95) € Wu(3:,7;) and
(5.'»3,')6)(,-1;'“
1 < a(qi,qj)}
1+]Qr — 3lgi + g5]1?
and
(5.11) Ci=I"U U Zij

i#]
Since a(gi,¢;) < B(C1), Zij € D*° and C, C C. Furthermore the choice of §(C}) implies
the sets Z,;\int I** are pairwise disjoint. Working with the coordinates given by Corollary
3.41, it is not difficult to see that the injection of C; in C is a homotopy equivalence.
Therefore {2} can be considered to be a homology class in C}.
Set
B:j = Zij\int I**.

Note that

(5.12) Ci=J(ByuI)
i
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and

(5.13) B,‘j NI = ij‘ .
Moreover
(5.14) (312 U IC‘) n (313 urIu 332) =TI,

Let C; = B3 U I U Bay. It is easy to check that the triad (Cy, 813 U I1,C,) is excisive.
Thus the Mayer-Vietoris sequence applies and yields:

(5.15) Hr+1(C1) — H’.(Iﬁl) — Hr(Blz uIt) e H.(C,) — H,(Cl) —_ e,

By Proposition 2.9, It has the homotopy type of a subset of R3¢, Hence

(5.16) H.(I%) =0
forr >32+1,
(5.17) Hr(Cl) =H,-(312UIC‘)@H}(62).

A similar computation with C, replacing Cy shows for r > 3£+ 1,
(5.18) H,-(Cz) = H,-(B13UI“) @H,—(B32UI€‘).

Now we will study the homology of 8,3 U I®*. We claim that the triad (B2 U
I¢ , I®1 | By2) is excisive. This will be shown in Lemma 5.23 below. Assuming it for now
and recalling (5.13), by the Mayer-Vietoris sequence again,

(5.19) H,y1(B12UI*) —» H (Wii) — H.(B12) ® Hr(B12 UI*') = H (B1a UI) — ---
Now (5.9), (5.16), and (5.19) show
H,(B12) = H(B12 UI*)
for r > 3¢ + 1. Therefore (5.17) gives
H.(C1) = H.(812) ® H,(B23) ® Hy(Ba1)

for r > 3¢+ 1. Thus {z} can be expressed as a linear combination of closed chains having

support in B3, 823, and 83;.

41




Using Corollary 3.41, let C;; be defined in the (g, q;,@,) coordinates by
1

1/1 hd 2
= | 10,24t +
2 ), 9P TG T T g

Hence B;; € Ci; so {z} can be written as a linear combination of closed chains with

TiE < ofgi, g5)

support in the C;jand {z} lies in the subgroup of Hi(A; Q) generated by the images of the
Hi(Ci;;Q) in He(A; Q). Next let

Di; = {(9:,95,Qr) € Ci5 | @r = [@+]}-

The map

[0,1] X C,'J' — C,’j

(9,4, q;, Qr) — (Qia 9, [Q"] +(1-6)(Qr- [Qr]))
is a deformation retraction of C;; onto D;; is a bundle (which can be trivialized) over Ay;
with fiber equal to the exterior of a ball. Hence the homology of D;; is obtained by taking
the tensor product of the homology of A;; with Ho(S"1) @ He—1(S¢!). Consequently
for k > max(9¢ + 3,m),

3
(5.20) rank Hi(A) < Z [rank Hy_(e—1)(Ai;) + rank Hy (Aif)),
i#j=1
i.e. the k** Betti number of A is bounded by a linear combination of the k** and (k—£+1)t*
Betti numbers of A;;. Since A;; has the homotopy type of the free loop space on S¢~1, the
Betti numbers, rank H,(A;j), are bounded independently of r [11]. Hence by (5.20), the
Betti numbers of A are uniformly bounded. Note that this bound is independent of M.
We will show next that (5.20) does not hold for appropriately chosen k. Let Y; C (R?)7

be the set of pairwise distinct j-tuples, j = 2,3. Then Y3 fibers over Y5:

p: Y3 Y;

p(91,92,93) = (q1,92)
where the fiber of p has the homotopy type of a wedge product of two spheres S¢-1. Since
¢ > 3, Y2 and hence Y3 is simply connected. The cohomology ring of Y3 needs at least
two generators. Our space A is simply the set of W2 loops in Y3 and this is contained in

the set of continuous loops in Y3, the inclusion being a homotopy equivalence. Hence by a
theorem of Vigué-Poirrier and Sullivan {11], the Betti numbers of A are unbounded. Now

set
3
(5.21) w= m;a.x Z [ra.nk Hr-¢+1(Aij) + rank Hr(AiJ')]-
ij=1
<y
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We further require that & satisfies
(5.22) rank H(A) > 1 + w.

This contradicts (5.20).
The following lemma now completes the proof of Theorem 1.

Lemma 5.23. The triple (8,2 U It I¢t, By3) is excisive.

Proof. Note first that I*! has an open neighborhood in 8;2 U It which retracts on I,
namely int I2¢ N (812 U It). This can be seen using the negative gradient flow for Z.
(Indeed this fact can be used in the proof that (Cy, Bj2 U I, C,) is excisive.)

To complete the proof, we need only show 8y, has an open neighborhood in B;2 U I
which retracts on Bj;. It suffices to show that Wl has an open neighborhood O in A

which retracts on Wy} for then
(O U 312) N (312 UICI) = (0 an) U B2

is an open neighborhood of B, in Bi2 U It which retracts on Bi2. As was noted after
(5.7), W} is a sphree bundle over Q;2 with fiber at each point given by F(q1,¢2). To

define an open set in A which retracts on W73}, we take a “larger” bundle over

a(ql ’ Q2)

3 < Ii2(q1,92) < €1}

Q12 = {(g1,92) €A1z | €1 —

with fiber at each point

€1 — IlZ(leQZ) 1 /1 512 1
e R’ < = dt +
{Q3 | 2 2Jo @ 1+ (@3 — 3(q1 + a2)]?

< 2(e; — I12(91,92))}’

This latter set retracts continuously by deformation on the bundle over @}, with fiber
given by F(q1,q2). Namely we contract Qs to 0 and appropriately adjust (@3] in the
process. Then using the gradient flow for I],, @}, can be retracted by deformation onto
Q12. Since Wi} is a sphere bundle over Qi2, the retraction by defomration of the base
space lifts to a retraction by deformation of the total space and the Lemma is proved.

Remark 5.24. In §6, the extension of Theorem 1 to the case where (V5) does not hold
will be studied. For that purpose, a sharper upper bound is needed for the smallest critical
value of I. The following corollary to Theorem 1 provides us with such an estimate.
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Corollary 5.25. Let w be defined by (5.21). For r > 3£ + 1 such that
(5.26) rank H,(A;) > w+1,

let A C H,(A) haverank at least w+ 1. Let K C A be compact and such that the support
of one representative z C K for all {z} € A. Let M € R be such that K € IM+1, Then
KM+l £ ¢ e I has a critical value in ITM+1\I€1,

Proof. If not, the set N defined in §4 is empty and therefore by Proposition 4.2, Dapr41 = .
The number & in (5.2) can now be chosen independently of m and the argument involving
(5.3) - (5.4) omitted. As earlier (5.20) holds for k = r. But this contradicts (5.21) and
(5.26). Hence I has a critical value in IM+1,

Remark 5.27. In the proof of Theorem 1, no explicit use was made of the fact that V is
independent of t. Thus we also get:

Theorem 1'. Suppose V = V{(t,q) : R x F3(R¢) — R is T periodic in ¢ and otherwise
satisfies (V1) — (Vs). Then the functional

» (5.28) /OT (%,,ﬂ? _ V(t,q)) dt

has an unbounded sequence of critical values which provide T periodic solutions of

(5.29) g+ Vy(t,q) =0.
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§6 Weaker potentials.

Our goal in this section is to study the effect of dropping hypothesis (Vs) in Theorem
1. To begin, recall that (V5) implies Proposition 2.1 which forces any ¢ € W2 for which
I(q) < oc to bein A. If (Vi) is dropped, there are W2 periodic functions which correspond
to “collisions”, ie. ¢.(7) = g;j() for some 7 # j and 7 € [0,T]. If this happens, (HS) is
not defined. Thus a notion of solution is required for this situation. Modifying (2], we say
q=(q1,92,93) € C(R,(R")?) is a generalized T-periodic solution of (HS) if (5) (i) - (iv)
of §1 holds. Now we have:

Theorem 6.1. If V satisfies (V1)—(Vs), Then foreach T > 0, (HS) possesses a generalized

T periodic solution.

Proof. Again we can take T = 1. An approximation argument in the spirit of 2, 13] will be
used. Let x € C®(R,R) such that the x(s) = 1if s < 3, x'(s) <0, and x(s) =0if s > 1.
For each § > 0, let xs(s) = x (3). Fori # j € {1,2,3}, let V(z) = Vi;(z) — 8lz|"*x6(z]).
Then Vf, satisfies (V1) — (Vs), V,i(z) = Vi;(z) if || =2 6 and

(6.2) ~Vi(z) 2 ~Vij().
Set
Vé(q Z (‘Zt - !
i#j=1
and .
o= [ (G148 - Vi)
By (6.2),
(6.3) Is(q) > I(q)

for all ¢ € A. Since Vs satisfies the hypothesis of Theorem 1, for each § > 0, Is possesses
an unbounded sequence of critical values. Moreover, by Corollary 5.25, I5 possesses a
critical value in I}M*'\I{* where a priori M and €; depend on 6. Suppose I5(q) < e.
Then the properties of V and choice of €; imply ||gi ~[¢i]]| z is small and |[g; — ¢;]| is large
for i # j € {1,2,3}. Hence for & small, Is(q) = I(q) for ¢ € I**, i.e. € can be chosen
mdependently of §. Corollary 5.25 shows the choice of M depends on the compact set
K C A. Hence M can be chosen independently of é§ so that K C IM"'1 for all 6 € (0,1).
Thus for each such §, thereis a ¢* € AN (Igw'*'l\I;') such that ¢’ is a critical point of ;.

We will show that as § — 0, a subsequence of (¢°) converges to a generalized 1-periodic
solution of (HS). To prove this, observe first that Proposition 3.1 and Corollary 3.44 do
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not require (V). An examination of their proofs shows that they hold uniformly for e.g.
§ € [0,1] and the constant C(e;, M) of Corollary 3.44 is independent of § € [0,1]. Thus
for each é € (0, 1], we have

”qﬁ — ?)gf!pvl.: < C(él,M) +1

19-

(6.4
1

13

[

where vs = %[qf + ¢4]. Since ¢® — ¥(vs) is also a critical point of I corresponding to the
same critical value, by (6.4) a subsequence of these critical points converge weakly in W12
and strongly in L*™ to ¢ € W12, Moreover

1
(6.5) - / V(g(t))dt < M +1.
0
Indeed for all § € (0,1],

1
(6.6) _ /0 Vi(a®(8))dt < M + 1.

Consequently for € > 0,
1 3
(6.7) ~ [0 3 = xlaf - of)Vidtal - o < M1
0 ixj=1
Letting § — 0, it readily follows from (6.7) that
1 3
(6.) - [ 3 a-xdig - gVala- g < M+1
0 j%j=1
Thus letting ¢ — 0 in (6.8) yields (6.5). Hence g satisfies (iii) of (5). Next (6.8) and (V,)
imply that D, as defined in (5) (i), has measure 0 and (5) (i) holds. If = € [0, 1]\ D, there
is an ¢,p > 0 such that if |t — 7| < p, |gi(t) — ¢;(t)] = € for each ¢ # j € {1,2,3}. The
system of differential equations:

(6.9) i +Vi(¢®) =0

shows ¢%(t) — ¢(¢) in C? for |t — 7| < p and g satisfies (HS) on this set. Thus (5) (ii)
holds. Lastly (5) (iv) is valid for ¢% and Vs with Ds = ¢ and a corresponding constant 7s.
Hence on passing to a limit, we get (5) (iv). The proof of Theorem 6.1 is complete.

Corollary 6.10. If V satisfies (V;) — (Vs) and
(Vz) V'(q) #0 forall g€ (R%3,
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then (HS) has infinitely many distinct generalized T-periodic solutions.

Proof. We use a standard argument. By Theorem 6.1, (HS) has a generalized T-periodic
solution ¢r. By (V7), ¢r is not an equilibrium solution and therefore its minimal period is
T/k; for some k; € N. Invoking Theorem 6.1 again with T replaced by T/2k;, we find a
second nonequilibrium generalized T-periodic solution with minimal period T/k;MT/k,.

Repeating this process gives the result.
As with Theorem 5.28, the proof of Theorem 6.1 yields

Theorem 6.11. If V = V(¢,q) is T periodic in ¢t and satisfies (V1) ~ (V5), then (5.30) has

at least one generalized T-periodic solution.
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§7. The Retraction Theorem and Related Results: The Finite Dimensional

Case.

A key fact used in the proof of Theorem 1 was that [M+! retracts by deformation
onto the set given in (5.1). In this and the following section we will establish this fact
together with some related results. This will be done in two stages. First in this section
we will prove an analogue of Theorem 8.2 for a Morse function on a compact manifold.
Then in §8, it will be indicated how to modify this simpler situation to get Theorem 8.2.

To begin, recall if f € C}(O,R) where O C R/, ¥ is a pseudogradient vector field for
f on O if ¥ is defined and locally Lipschitz continuous on {y € O | f'(y) # 0} and there
are constants § < a such that for all y in this set:

{I‘I’(y)l < alf'(y)l
@) 2 BIf (I

Let X(f) dcnote the set of critical points of f. Our main result in this section is the

(7.1)

following:
Theorem 7.2. Let M(C R™) be a compact manifold and f € C?(M,R) be a Morse
function. Let ¥ be a C! pseudogradient vector field for f such that ¥ extend= to all of
M as a C! function and such that the critical points of f are nondegenerate zeros of .
Then in any C'! neighborhood of ¥, there exists another pseudogradient vector field, @, of
f satisfying:

1° The critical points of f are nondegenerate zeros of ®;

2° If z,y € K(f), the unstable manifold of z, W,(z) (for the flow generated by &) and

the stable manifold of y, W,(y), intersect transversally;
3° If z € K(f) and
F, = {y € K(H\{z} | Wu(z) N W,(y) # ¢},

then

Walz) = Wu(z) U ( U Wu(y)>;

yeEF:
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4° If z € Fy, there is an rp > 0 and a family of neighborhoods, U,, 0 < r < rq, of W,(2)
satisfying
Q) U-Ccliifr<t
(i1) U, is a trivial bundle over W,(z) with fiber homeomorphic to (W, (z)NW,(z))u{z},
(1) The trace of Wy(z) in U, is a trivial subbundle over W, (z) with fiber diffeomorphic
to Wa(z) N W(2),
(iv) [ Ur=Wa(2),

r<ro

(v) The diameter of the fibers tends to 0 as r — 0.

5° Let f¢={z € M| f(z) < c}. If a < b are noncritical values of f and
Wau(a,b) = £2 U {Wa(2)) | 2 € K(f), 0 < f(z) < b},

then W,(a.b) is an ENR and f° retracts by deformation onto W,(a, b).

Remark 7.3. Actually a stronger statement than 5° is proved in [15], namely that W,(a, b)
admits an isolating block in the sense of Conley [14] which retracts by deformation on
Wala,b).

We will now carry out the proof of Theorem 7.2. Statement 1° follows from (7.1) and
that ® is C! close to ¥. An induction argument will be used to prove 2° — 4° and for this
some preliminaries are required. Suppose dim M = £. Let y € K(f). Then there are local
coordinates near y, given e.g. by the Morse Lemma, such that R*? splits into E~ @ E*
where E~ is the unstable manifold of y for  and E™ is the corresponding stable manifold.

Moreover, if X is the coordinate along E~ and Y along E*, near y
(7.4) fIX,Y) = f(y) = 1XI* + [Y]%

Suppose £ € K(f)\{y} and W,(z) is transverse to E*. We want to understand how
W.,(z) behaves along E~. Since both W,(z) and E* are invariant under the flow generated

by ®, transversality here means, of course, transversality in sections to the flow lines; i.e.
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transversality of the intersections of these two sets with
P, = {(X,Y) | |X[ < p,|¥] = p}

for p small enough. Thus we are assuming that for 0 < p < pg < 1, the two manifolds:

(7.5) Wu(z)N P, = {(X,Y) € Wu(z) | |1X]| < 0, |Y] = p},
and
(7.6) S, ={(0,Y) Y] =p}

intersect transversally in P,. The intersection is then a manifold which we will denote by

7,. In a neighborhood of a point of 7,, Wy(z)N P, may be thought of as a vector bundle

over 7, with fibers parallel to £~ since, by a version of the Implicit Function Theorem, in
such a neighborhood, any point of W,(z) N P, may be represented by an associated point
on 7, and an abcissa on £~. This representation has a local character in general, i.e. it
cannot be extended to all of Wy(z) N Py, even for a p’ < p, unless T, is compact or some

other special feature occurs.

We assume that there is a C'! diffeomorphism % such that for a p' < p,
(7.7) Y(Wu(z2)NP)Z{XeE™||X|<p'}xT,

where = denotes the diffeomorphism . When (7.7) holds, we say W,(z) N W,(y) intersect

transversally in a uniform way.
In order to understand how Wy(z) behaves along E~, let v be free for the moment

and let (XXg,0), {Xy| < v be a point of E~. Let 8 € R satisfy

(7.8) 0<8<(p)?
and set
(7.9) So(Xo) = {(Xo,Y) | Y] = 6}
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We will describe the set Sp(Xo) N Wy(z). Locally the flow corresponding to & is given by
(7.10) (¢, X,Y) = (e7'X,e'Y).

This formula holds in a neighborhood of y, i.e. if

(7.11) le'V| < o;]X|<a<l fort>0
' e’ X| <oV <a<l fort<0

holds with a suitable a. We take v = & and p such that
(7.12) p < min(pg,a) < 1.
If 2 =(X,,Y) € So(Xo) N Wy(z), then

9 1
(7.13) (;Xo, %Y) € W(z) N P,.

Indeed since [Xo| <y =a < 1 by (7.8) - (7.9), 8(p') 1| Xo| < p' and p'8~|Y| = p’. Thus
(6(p")"*X,,p'87'Y) € P,. Furthermore setting

1
(7.14) et ==> > >1,

ST~

(6(0') "1 Xo, '61Y) = (e~ Xy, e®Y) with ¢ > 0. Condition (7.11) is satisfied. Thus
(6(p")"1Xo,p'871Y) = n(te, z) and since z € Wy(z), (8(p')"1 X0, p'071Y) € Wy(z). Hence
(7.13) holds.

Conversely let p' > A > 0 and z' = (AXo0,Y) € Wa(z) N Py. Then z = (Xo,AY) €

Spa(Xo). Setting

- 1 1
(7.15) e "=XZ;721,
we have t; < 0 and
(7.16) e A Xo| = |Xo| S ;Y] =p' < .
Therefore (7.10) holds on [¢,,0] and
(7.17) z =n(t,2') € W,(z).
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Choosing A = 6(p’)~! in (7.7), (7.10), and (7.17) establish a diffeomorphism between
Se(Xo) N Wy(z) and {8(p")"1Xo} x T,. This diffeomorphism is given by n(t,,-) o ¥ where

to satisfies (7.14). Alternatively with to = log(p'8~1),

(7.18) 7(—to,-) 0 %~ ({ ;’X"} x T,,) = S5(Xo) N Wa(z).

Observe that the restriction | Xy < v plays no qualitative role in what was done above.
Once (7.18) is established for |Xo| < v, it holds for any X3 € E~ or more generally in

W.(y). Indeed for any such point,
lm 7(t, Xg) = y.

Thus we may choose t(X}) > 0 such that [Xo] = |n(¢(X}), Xg)| < v and (7.18) then holds
at X,. The result then transports to X through n(t(zp), ). Moreover (7.18) extends in a

natural way to
(7.19) By (Xo) N Wa(2) = ({(X0,Y) [ Y] < '} N Wi(2)) U {(X0,0)}
through the map

(7.20)  [0,p] x T,/{0} x T, = B (Xo) N Wy(z)
(t,Y) — n(—to, ¥ "1 (tX,e,Y)), to=—logt if t#0
(0,Y) — (X,,0) if t=0.
Clearly (7.20) extends to all Xo € Wy(y) using the same argument as for extending

(7.18). Observe also that [0.p'] x T,/{0} x T, is homeomorphic to (W,(z) N W,(y)) U {z}.
Indeed

(7.21) Wu(z) N W,(y) is diffeomorphic to 7, x (0,0),
the difeomorphism being given by the flow, i.e.

(7.22) z € Wy (X) N W,(y) — (n(t(2),2),4(2)) € T, x (0, 00)
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where t(z) is the unique value of ¢ such that 7(¢(z), z) € S,. This diffeomorphism can easily
be modified to be a diffeomorphism to T, x (0, p'). It maps a deleted neighborhood of z in
(Wa(z) N W,(y)) U {z} into a neighobrhood of T, x {0} in T, x [0, p’) and then naturally
extends to a homeomorphism which is a diffeomorphism outside any given neighborhood

of {z}:
(7.23) (Walz) N W) U {£} — [0,6) x T,/ {0} x T;.

The above observations combine to give the following result:

Proposition 7.24. Assume W,(z) and W,(y) intersect transversally in a uniform way,
i.e. (7.7) holds for suitable constants p’ < p < po. Then W,(y) is contained in W.(z) and
there is a decreasing sequence Uy, r < rq, of neighborhoods of Wy (y) in Wy(z) U Wu(y)
which are trivial bundles over W,(y) — see (7.20) - (7.23) — with fiber homeomorphic
to (Walz) N W,(y)) U {y}. Moreover, U,\W,(y) is a subbundle over W,(y) with fiber
diffeomorphic to Wy(z) N W,(y). The diameter of the fiber tends to 0 as r — 0.

In order to continue the proof of Theorem 7.2, a stronger notion of transversality than

that given by (7.7) is needed. Let
b Wa(z)N Py — (X' € B~ | IX| S5} x T,

so p~1(X",¥Y') = (X,Y). We assume hereafter that there is a uniform o > 0 such that if

P_ and P, denote the projectors on E~ and E*, we have

(7.25) sup sup l|P+(D¢(:;}1,,y')((e',0))ll <o
(XY enWu()nP,) e eE-\{0} [P=(D¥xr yry((e 5 0))]
where || - || is a norm on the tangent space to M.
Condition (7.25) means a uniform transversality in a strong sense since it relies on
the fact that there is a transversality coefficient ¢ uniformly along Y=Y (Wy(z)N Py). For
a simple transversality, o may depend on (X, Y).
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We will say W,(z) and E7 intersect transversally strongly and uniformly if (7.25)
holds.
Now let K C W,(y) be compact. Let

(7.26) g:Ur = Wu(y)

be the fibration associated with Proposition 7.24. Since W,(y) is contractible, its tangent
bundle is trivial as is the tangent bundle of M along W,(y). This yields an extension of
the tangent bundle of W,(y) to a neighborhood of K in Uy, i.e. a total space F(K) which

is a vector bundle over U.(K), a neighborhood of K in U,:

(7.27) g1: F(K) - U(K)

such that

(7.28) 0 97 (K)— K
97 H(K) ’

is the tangent bundle to W,(y) restricted to K. Taking r small enough, we may assume

that
(7.29) U(K) =g~ (K)

where g is defined in (7.26). The fibers of g; are of course diffeomorphic to the tangent
space to W,(y) at a given point. Heuristically, by continuity, the direction of a g; fiber at
z € g~Y(K) approaches that of the tangent space to Wu(y) at g(z) as z — g(z). Let u be

a metric on M and let
(7.30) g2 : F(K)t - U (K) =g~ '(K)

be the normal bundle to F(K).

Proposition 7.31. There exists a subbundle of the tangent bundle to Wa(z) along
g~ HK) - K:
g3: G(K) - ¢ (K)-K
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whose fiber is a subspace of the tangent space to W,(z) at the same point, of dimension
equal to dim W,(y). Moreover G(K) has the following property: For any z € g~}(K) - K
and any vector v; € (G(K)):, the fiber at z for g3, splits naturally into h, + k, where
h; € (F(K)):, the fiber at z of g1, and k. € (F(K)?)., the fiber at z of g;. Then

. kL]
.32 Iim —— =0
(7-32) Sm o

uniformly in z and v, or equivalently

(7.33) lim sup sup -1 =0
T—0 LeU. (K)=K v, €(G(K)):\{0} [l

in the norm associated with the metric p.

Remark 7.34. Conditions (7.32)-(7.33) together with the fact that g, extends the tangent
bundle to W, (y) restricted to K ((7.27)-(7.28)) means that the tangent space to W,(z)
contains a subbundle in a neighborhood of K which extends the tangent bundle to Wy(y)

along K.

Proof of Proposition 7.31. We use (7.25) and (7.20). The latter tells us that for any
z € U(K)\K, T <r, there exists to(z), t €(0,p"), t= e~%(*) and Y € T, such that
(7.35) z =1n(—to(2), ¥~ (#(2)9(2), Y))

where lim,_ot(z) = 0, lim,_oto(z) = oo. Equation (7.35) is written in the (X,Y)
coordinates. Instead of (7.35), we will write:

(7.36) z = n(—to(2),% (X", Y"))

where (X',Y') € {X' € E~ | |X'| € p'} xT,, and (t(z)g(2),Y) = (X',Y'). Since
lim,—o#(z) = 0, we can use ¥ if 7 is small enough.
The flow 7(t,-) expands coordinates in the direction of Wy(y) by a factor of e~ and

contracts in the direction of W,(y) by a factor of e’ as t — —oco. Therefore using (7.25)
and setting
(7.37) G(K): = D1(—to(xyp-1 (X', ¥") © DU yry(E™ x {0}).
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Proposition 7.31 follows.

Now we are ready to prove 2° — 4° of Theorem 7.2. This statement will be proved
by induction on the critical values. Let ¢; < --- < ¢, be the critical values of f. For
the sake of simplicity, each critical value will be assumed to correspond to a single critical
point. The set of critical points is {z1,-*,Zm} and they are nondegenerate. Now W,(z;)
and W,(z;) are the stable and unstable manifolds of z; for §. We are zoing to perturb
® in the course of the proof. This of course causes perturbations of Wy(z;) and W,(z;).
Nevertheless for convenience the same notation will be used for the perturbed manifolds.

Statements 2° —4° hold for the minimum, z;, since they are vacuous. Using the Morse

Lemma, they also hold for z;. In the induction below, ¢ is a noncritical value. Let
fe={ze M| f(z) 2 c}

and u(4, B) denote the distance between sets A a.qd B. Let

(7.38) 2<p<m

be given. Recall that
Fpp = {z; | Wu(z:) N Wi(;) # ¢}
We assume inductively that
() If Wu(z:)) N Wi(z;) = ¢, p(Wu(z:), Wilz;)) 2 pij >0, 4,j < p-—1;if

Waulz:) 0O We(z;) # ¢, Wau(zi) and W,(z;) intersect transversally for 7,7 < p—1
and the intersection is uniform and strong in the sense of (7.25).

(i) Wa(zi) N fo = (Wy(z:) U {Wy(z;)N fe | z; € Fy, and ¢; > ¢} for all noncritical values
c<cy t<p-—1.

(ii1) Fori given,: < p—1, let o((UI,’Gin Wu(z;)) be an open neighborhood of (J, ¢, Wa(z )

Then for any such O and any noncritical value ¢ < ¢;, (Wy(zi)\O)N f. is compact.

Conditions (i)-(iii) are obviously satisfied for p — 1 = 2. Later we are going to prove

that they are satisfied for any p after a suitable perturbation of ®. Assuming for now that
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(i)-(iii) have been established, we will show that (i)-(iii) imply 2° — 4°. Indeed (i) implies
2° and (ii) implies 3°. Lastly 4° follows from Proposition 7.24 and 7.31 and the strong and
uniform intersection property of (i).

Now we will prove (i)-(iii). Clearly (iii) follows from (ii). We will prove (i) and (ii) by
induction. We assume (i) and (ii) hold for 7,7 < p — 1. As was already observed, (i) and

(ii) hold for i,j < 2. Three steps are needed to get the result for p.

Step 1. (i) and (ii) hold, after possibly perturbing $ fori=p, j=p—~1, and
cp—1 < € < Cp.

In order to verify (i), we perturb the compact manifolds Wu(zp) N f7Y(c) and
W,(7p-1) N f~1(c), so that they intersect transversally. This corresponds, e.g. to per-
turbing & along the normal bundle to Wu(z,) N f~(c) in f ~1(c). The resulting transver-

sal intersection is then uniform and strong. Now (i) is immediate since Wy(z,) N fc =

Wu(xp) N fc-

Step 2. If (i) is satisfied for i =p, r <j<p—1,and (ii) holds for i = p, ¢, < c < ¢p,
with ¢ a noncritical value, then (ii) holds for ¢ = p and noncritical ¢, ¢r—1 < ¢ < ¢p.

Here we consider two cases:

Case 1. Wy(z,)NW,(z,) = ¢.

Then p(Wu(zp), Ws(zr)) = prp > 0 and the classical deformation theorems tell us that
ife, < ¢ < crpp and croy < € < Cf, then Wy(zp) N fc = (=1, Wu(zp) N fo), for a
suitable renormalization of the flow for —f' (so that fu\O,, is deformed into f. in “time”
~1 where O,, is a uniform 3pr, neighborhood of Wo(z,)). Therefore m =

n(=1,Wu(zp) N fo) since n(~1,-) is invertible and since (ii) holds for ¢/,

(7.39) Wa(zp) N fo = Wa(zp) U {Wa(z;) 0 fe | z; € F;, and ¢; > c}.

Hence Step 2 follows for this case.

Case 2. W, (z,) N W,(z,) # ¢.
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Then by (i), these manifolds intersect transversally, strongly and uniformly. From the
proofs of Propositions 7.24 and 7.31, W,(z,) U Wy(z,) fibers locally over W,(z,) with a
fiber homeomorphic to (Wy(z,) N Wy(z,)) U {z,} and Wy(z,) locally is a subbundle with
a fiber homeomorphic to Wy(z,) N W,(z,) (contained in Wy(z,) U W,(z,)U {z,}). These
fibrations are transversal to the flow of & (see (7.18)-(7.20)) which leaves W,(z,) invariant.
Therefore for ¢, < ¢ < ¢r, (Wu(zp)UWau(zr))N fe and Wy(z,)N fc define local fibrations
over W,(z,.) N f. with the same fiber. Consequently Wy(z.) N fc C m N fe and we
have

(7.40) (Wu(zp,) U{Wu(zj) | z; € Fz,and j > r—1})N f. C Wy(zp) N fe.

Now consider a fixed neighborhood, , of z,. All trajectories of & from W,(z,)N fo which

do not enter Q are images via an invertible diffeomorphism 7(—s -) of some trajectories of

7’V—u(1p) N fo, for ¢r < ¢’ < Cpg1. Since

Wa(z,) O fo = (Walzp) U {Wu(zj) | z; € 1‘;}’ and ¢; > ¢'}) N fo,
these trajectories are contained in
(7.41) (Wulzp) U {Wulzj) | z; € Frpy j > = 1hHnfe.

The other orbits enter Q. In  we may assume that the local picture is known as in (7.7).
The only accumulation points in Q which belong to Wy(z,) N fc are in Wy(z,)N fc. These
observations, together with (7.41), yield the reverse inclusion to (7.40). Thus Step 2 is also

valid for this case.

Step 3. If (ii) is satisfied for i = p, ¢, < ¢ < ¢, with ¢ a noncritical value, and (i) holds
fori=p, r+1<j<p-—1,then(i)holdsfori=pandr<; <p-1.
We consider again the two cases of Step 2:

Case 1. W,(z,) N W,(z,) = ¢. Then Wa(z;) N Wy(z,) = ¢ for any z; € F., 3>r for

otherwise W,(z;) and W,(z,) would intersect transversally strongly and uniformly. Since
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Wa(zp) intersects Wo(z;) transversally strongly and uniformly, W,(z;) is contained in
Wa(z,) and W,(z,)UW.(z;) fibers locally over W, (z ;) with fiber (W, (z;)NW,(z;))U{z;}-
This implies that Wy(z,) N Wi(z,) # &, contrary to our assumption. Indeed, let y €
(Wu(z,) N Wi(z;)) U {z;} in a given neighborhood of z; with y # ;. Let Sy be a section
of the (trivializable) local bundle W, (z,) U W,(z;) = Wy(z;) associated to y, i.e. modulo
a trivialization chart, Sy(z) = (z,y) for z € Wy(z;). Then for y near z;, S, (Wi(zj))
intersects W,(z,) since the intersection of Wy(z;) and W(z,) is strong and uniform and
since S,(W,(z;)) is only a perturbation of W,(z;). Any point in Sy(W,(z;)) N W,(z,)
lies in W,(z;) N W,(z,). Hence our claim that Wy(z;) N W,(z,) = ¢ for any z; € F;,
j > r follows.

Since z, € F;, and Wy(z;) N Wy(z,) = ¢ for j < r, applying (i) which holds for j,
r < p-—1, we have

U Waulz;), W,(xr)> >p>0.
z; erp

(7.42) p(

Consider an open neighborhood, O, of Uzj €F., Wu(z ;). O may be chosen so that
1

(7.43) (O, W,(z,)) 2 5P > 0.

We claim that for noncritical values ¢ € (¢, ¢p),

(7.44) (Wul(z,)\O) N feNW (/) = ¢.

Indeed (Wy(z,)\@) N fe is a compact set. Clearly W,(zr) C U;», Wi(z;). If (7.44) were

false, we would have for some 3 > r +1
(7.45) (Wa(zp)\O) N fe N W,(z5) D {z}

where z € W,(z,). Then z; € F,,. O is a neighborhood of Wy(z;), and by (7.43),
W,(z,) doe- not meet O. Observe that the decreasing orbit n(—t,-) starting at = enters

O since z € W,(z;) and z; € F;,. Moreover z € W (z,)\W,(z,) so in any neighborhood
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of ¢ we may find y € W,(z,), v € Wi(z;) with u(y, W,(z;)) as small as desired. If this
neighborhood is small enough, then the decreasing orbit n(—t,-) starting at y will enter
0, 1e.

(7.46) 1(~t(y),y) € O N Wy(zr),

a contradiction. Hence (7.44) holds and

(7.47) W(Wu(z\O) N for Wi(21)) > 0.

Now (7.47), (7.43), and (ii) imply

(748)  w(Wu(zy) N for Wi(2,)) 2 min (g,u((Wu(%)\O) M fo T o(z0))).
Fixing ¢ € (cy, Cr41), We get a lower bound for (W (zp) N fo, Wo(z,)):

(7.49) BT u(2p) O fo W o(20)) 2 p1(0) > 0.

Consider the reduction given by the Morse Lemma in a neighborhood of z,. This provides
us with a description of the local behavior of the level sets of f for ¢ close to ¢,.. We choose
¢ so that this description is available. In local coordinates, the flow for &, n(—t,-), t >0

increases the distance of initial points to W,(z,) (for a suitable choice for this distance).

Therefore
(750) l‘(n(—t’—W-u(xP) n fc)) W,(.’L',-)) 2 pl(c) >0

for all ¢t > 0. In particular u(n(—t,ﬁ/-u(a:,) N fe)yzr) = p1(c) > 0 for all ¢ > 0 and
we may deform W ,(z,) to any level ¢ € (cr—1,¢,) using the flow of &. We modify the
parametrization so that this deformation takes place within the fixed time ¢ > 0. For

simplicity we keep the notation n(—t, ). Therefore for any ¢’ € (¢r-1,¢r),

(7.51) ’7("?’ Wu(zp) Nfe)= Wﬂ(zﬂ) N fe
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and
(7.52) F‘(Wu(zp) N fo, Ws(z:) 2 pr(c).

Since ¢' < ¢,., we also have

(7.53) W, W(zr)) 2 p2 > 0.
Hence
(754) #(Wu(xp)7 Ws(xr)) 2 111f(p2, pl(c)) >0

and (i) is proved for this case.

Case 2. W,(z,) N W,(z,) # ¢.

Since (ii) holds for ¢ = p and ¢ € (¢, ¢r41), We have
(7.55) Wa(zp) N fo = (Wy(zp) U{Wa(z;) | 25 € Fz, and j > rH N fo.

Consider an open neighborhood @ of {Wy(z;) | ¢; € F:,}. The intersections Wy(z;) N
W(z,), j > r are transversal, strongly and uniformly. Therefore O can be chosen so small
that the same is true for the part of W,(z,) in O with respect to W,(z.). Indeed since (i)
holds for i = pand r +1 < j < p—1, Proposition 7.24 and 7.31 hold for W,(z,) N W(z;)
and we have the usual local bundle structure of Wy(z,) over Wy(z;) with the related
tangent bundle property. Therefore any strong and uniform transversality property for
W.(z,) translates to W,(z,). More precisely since the tangent bundle to Wy(z,), along
neighborhoods of compact subsets of Wy(z;), contains a subbundle extending the tangent
bundle to W,(z;), the strong and uniform intersection of Wy(z;) and W,(z,) implies that
of W,(z,) and W,(z,) along neighborhoods of such compact subsets. If suc.. neighborhoods
are removed, by (ii) we are left with neighborhoods of sets of the type Wy(zx) N Wy(zr),

k < j, zx € F;;. Indeed (ii) implies that

—W:(zj) N fo = (Wu(z;) U {Wu(zs) | 2 € F3;}) N fe.
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Therefore we may choose a compact set in W,(z ;) such that its complement is a suitable
neighborhood of {Wy(z) | zx € F3; }N fc and our argument above applies. This lowers the
index j and ultimately shows, when all possible indices are used, that W,(z,) intersects
W,(z,) transversally strongly and uniformly in O.

Consider then (W,(z;)\O)N f~1(c). This is compact and so is W,(z,)N f~1(c) where
¢ € (¢r, Cr41). Along the boundary of Wy(z,)\O, W,(z,) is transverse to Wy(z,-)N f~1(c).
By a standard perturbation argument, we can make (Wy(z,)\O) N f~1(c) transverse to
Wo(z,) N f~Y{c) everywhere by modifying the flow along the normal bundle of W,(z,) N
f~(e) in f~Y(c) without affecting the boundary. The perturbed W,(z,) N f~1(c) is then
transversal to W,(z,)N f~1(c). This transversality is strong and uniform since it was so in
O and since on the sets W,(z,)\O we are dealing with intersections along compact sets.
Thus (i) is proved for Case 2 and the proof of Step 3 is complete.

The three steps together imply that (i)-(iii) are satisfied by (z,,z;) for j < p and
the proof of 2° — 4° is complete. Now we turn to the proof of 5°. First we will establish
that W,(a,b) = D is an ENR. Since D C RF*, by a theorem of Borsuk [12], it suffices
to show that D is locally compact and locally contractible. By 4° of Theorem 7.2, at
any point z € Wy(z), D locally is a bundle over W,(z) with fiber F, homeomorphic to
(Wo(z)N{Wy(y) | y > z})U{z}. Note that y > = means that W,(y)NW,(z) # ¢. The fiber
F. is contractible using the decreasing flow. Since W,(z) is a finite dimensional manifold,
z has a contractible neighborhood N in W,(z). Therefore D is locally contractible at z,
the contractible neighborhood of z in D being N x F; in a trivialization over N about
z. Furthermore by 3° of Theorem 7.2, D is locally compact since D = D. Hence D is an
ENR.

To show that f° retracts by deformation onto D, let §; < --+ < b,, be the critical
values of f between a and b and z1,...,Zm the corresponding critical points. Each of these

critical points admits a neighborhood of the type

(7.56) X2+ ]V <
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for some ¢; > 0 where (X,Y) are local coordinates correspondiug to a Morse Lemma
reduction, i.e. X is the coordinate along the unstable manifold £~ and Y is the coordinate
along the stable manifold E+. We will also use W, () and W,(z,) to denote E~ and E*.
Further smallness conditions will be imposed on ¢; later.

Let n(—t, ) denote the flow for &, ¢ > 0. Consider the balls By,...,B, in the X,Y

coordinates around zi,...,Z,, respectively. Let
(7.57) . w; = [Jn(-t,B)
t>0
and
(7.58) U&h“”%JEUU=(LH%)Ufﬂ
i=1

Each set W; is an ¢ dimensional manifold with boundary where £ = dim M. This follows

since the set
(7.59) SE={X, ) IXPP+ Y] =€, | X2 2 [V}

is a section for the flow for ® which sweeps out W outside B; via n(~t,-).

Set
(7.60) W = W\B;.

Clearly W; defines a tubular neighborhood of W,(z;), and hence a fibration over W,(z;),
the fiber being diffeomorphic to the disk Dt = {(0,Y) | [Y|? < ¢}. If K; C Wy(z;) is
compact, ¢; may be chosen so that the diameter of the fiber remains small along K. It is
then easy to extend the tangent bundle to W,(z;) to W; along K;. In fact, as in (7.27)-

(7.28), we can assume that this extension has been carried out on a fixed neighborhood

U(K:):

(7.61) g1i : F(K;) = U(Ky).
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The fiber of g1; is diffeomorphic to the tangent space to W,(z;) and
(7.62) 91i : 97 (Ki) = K;
95t (Ki)

is the tangent bundle to W, (z;) restricted to K;. Now g;; defines an orthogonal bundle
(7.63) g2i : (F(Ki))*™ — U(K).

If we are given another vector bundle G = G(K;) which is a subbundle of the tangent
bundle of M and which is defined in a set O C U(K;), we can split G over F(K;)®F(K;)*.
The following notation will be used for this situation. If v € O, v, € (G(K;)), denotes a
vector in the fiber of G at z and v, can be written as v, = h, + k, where h, € (F(K})).
and k: € ((F(Ki))™b)s

To complete the proof of 5°, the following result is required. Here R™* denotes the

positive reals.

Proposition 7.64. There exist continuous functions ¢g,...,¢m with p; : (R*)'7! = R*
such that if 0 < €; < gi(€1,...,€i—1) forall¢ = 1,...,m, then for any p-tuple (z;,,...,z;,),

b >b;, j=1,...,p, 1 <p<m,we have

41

1° sup,_osup.cy, inf{u(z,y) [y € f* U{Wu(zi) | a < f(z:) < b}} =0.

2° Uz, ¢ F; = {zx € K(f) | Wu(zi ) N W;(Ek);é ¢} for some index j, then
G W, = 6,

3° Ifzy; € F',‘.j+1 , 0 < j+1 < p, then the sets (OW;;), 1 < j < p, intersect transversally.
Hence the intersection (7, OW;; is a manifold M(e,4y,...,1p) = M(e, p). Further-
more its tangent bundle contains a subbundle G(¢,p) with the following property:

h:
(7.65) lim sup sup 5]l =0
€y reer€ip —0 zGM(e,p)ﬁf"‘(c) ”k;“

and dim G, = dim W,(z;,) = dim(F(K},)),. In (7.65) c denotes a noncritical value
with ¢ € (bi, -1, b;,).
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We delay the proof of Proposition 7.64 for now and complete the proof of 5°. By the
definition of U, its boundary is made up of pieces of f~!(a) and pieces of OW,. With
the aid of Lemma 7.64, the intersections of any number of these sets are transversal.
Therefore such intersections are manifolds AM(e,p). The closure of these manifolds may
have a boundary, e.g. if z;, € Fy, , then M(e,10,21,...,1p) is a boundary portion of

some part of M (e, p). On each manifold M (e, p), we may define an inward normal to U, as

follows: on OW; N---NOW; , the tangent planes are independent. Therefore they intersect

p?

transversally and define independent linear forms. We can pick one which points inwards
for each of the 8W;; and thus for OU.. The same procedure applies if f~!(a) is added.
Since the set of inward normals is convex for each linear form, we may glue these normals
continuously and thus, even though O0U, is not a manifold, being made up of pieces of

manifolds, we can continuously define a vector field v along AU, pointing inwards to U.:
(7.66) v:0U, - TM

z— v,

where v, points inwards to U.. Using e.g. a tubular neighborhood of 8U,, v may be
extended to all of M with v = 0 outside of a given neighborhood of 9U..

To be precise, we require that v = 0 in Us where € = (€),...,¢€],) is such that
U, C int U.. Since all of the critical points of f between levels a and b lie in the interior

of Uy, there exists 8 > 0 such that
(7.67) @)l 28>0

for all z € f*N(M\Ue). Hence for 8 small enough, ® — 6v is a pseudogradient vector field

for f in f~1(a,b). We may choose 8 > 0 such that
. 1
(7.65) F(@)(@(z) ~ Bo(2)) 2 567
for all z € f®* N (M\U,). Consider the decreasing flow (t,-) for & — fv:
dep
(7.69) L (~t,2) = 8(p) ~ bu(p), 9l0,2) =2, ‘
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Given any z € f~1(b), there exists a unique smallest ¢(z) such that
(7.70) o(—t(z),z) € T

Indeed ¢(~—t, z) must enter U, since:

82
(7.71) fle(=t,2)) = = (p)(@(p) = bu(p)) < -y
if o(—~t,z) € f N (M\Ue). Furthermore since — is either tangent to or points inwards
to U, and since Bv strictly points inwards to 8U,, the trajectory cannot escape U, and

t(z) is unique and continuous. The deformation

(7.72) D:[0,1] x f*— s®

D(r,z) = ¢(-7t(z), 1)

retracts f° by deformation onto U.

In order to conclude the proof, we must show that U, retracts by deformation onto
D = Wy(a,b). Since D is an ENR, the Cech homology of D and the singular homology of
D coincide [10]. We established that f® can be retracted by deformation onto U, which
is a subset of a neighborhood of D. Since € can be made arbitrarily small, it follows that
the homology of f® is isomorphic to the Cech homology of D and hence to its singular
homology. The above argument in fact shows that the injection of D to f° is a homotopy
equivalence since the argument extends to homotopy groups [10]. Thus f® and D have the
same homotopy type. This is enough for the purpose of this paper. Establishing that this
homotopy equivalence can be taken to be a retraction by deformation is more technical

and we refer to [15] for this point.

Remark 7.73. Taking ¢ € (a,b;), the invariant set in the sense of C. Conley referred to

1in Remark 7.3 would then be

fFFu{Wule) |z e K(f), a< f(z) b}
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We now conclude this section with the somewhat lengthy:

Proof of Proposition 7.64. Since the sets W; are images by a decreasing flow map of

the B,’s, 2° follows on showing that
(7.74) Wi, NB;, = ¢.

Since Wy(z;,,,) N W,(zi,) = ¢, (i) implies that

(775) #(Wu(mir+1)?Wu($ir)) 2 Pr+1,r > 0'
Thus
(776) ﬂ(Wu(mir.H),Wu(xir)) Z pf’+1yr > O
Choosing

1
7.77 o < > prate
(7.77) €, < 4P +1,

(7.74) follows from (7.76)-(7.77) if we can choose ¢, ,, so that
- — 1

("‘8) p(z, Wu(xir-m)) < Zpr+1,r

forallz € W; _,, orif

(7.79) lim sup y(z:,W:(:zi,“)) = 0.

10z EW
Observe that (7.79) together with 3° of Theorem 7.2 implies 1° of Proposition 7.64.
Hence 1° — 2° of the Proposition follow from (7.79). Now (7.79) is a consequence of 3° — 4°
of Theorem 7.2 as will be shown next. The set W; is obtained from B; by using the flow
n(—t,-) for t > 0. Consider a fixed ball B=(z,,p), p > 0in E~ about z;. It is clear that
for a suitable p independent of ¢; and any z € W;, z = (X,Y) such that X € B~(z;,p),

we have

(7.80) Wz, E7) = ple, Wa(z:) < €.
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This is simply due to the local behavior of the flow n(—t, -) which contracts the Y -directions
and expands the X-directions, i.e.
(7.81) lim sup  u(z, Wa(z;)) =0.

)

6 —0 z=(x,Y)ewW;
XEB™ (=i,p)

By (7.81), the same result holds on any compact set K; C Wyu(z;). Indeed such a set
is covered by n(—t(K,), B~(z;,p)) where t(K;) € R depends only on K; and p. Hence
for any z € W; having z € K; as base point in the fibration W; — W,(z;) with fiber
diffeomorphic to S¥:

(7.82) u(z,z)s< sup HDn(—-t,y)ll)ﬂ(n(t(Ks),w),n(t(Ki),Z))<C'es

t€[0,e(K;
VEM

where

C= sup | Dn(—t,y)l|.
(t,9) €[0,¢(K1)]x M

Thus we are left with those points z for which the base point z belongs to a neighborhood
of Wu(z:)\Wu(z:), i.e. of {Wy(z;) | z; € F;;}. We may assume that we start with
base points z € 8K, the boundary of a large ball in Wy(z:) and thus, using (7.82) with
¢; small enough since z belongs to a neighborhood of {W,(z;) | z; € Fy,}, with points
z near {Wy(z;) | z; € F;,;}. Our goal is to prove that such points remain close to
{Wu(z;) | z; € Fr,} = {Wau(z;) | z; € Fz,} when they are subjected to the flow n(~t, ).
Therefore we return to the situation we started with but with a lower index j < :. Using
a decreasing induction, at the last step we arrive at a situation where Wy(z;) = W4(z;);
hence the result.

Now we will prove 3°. We claim the condition on the subbundle G(e, p)

k
(7.83) Lim sup sup ﬂ_z_”_ =0
€iyrn€ip =0 ze M(e,p)Nf-1(c) v:EG: hz“

may be replaced by a similar one with the constraint f(z) = c replaced by the requirement

that z = (X,Y), |X| = p, |Y| < p for a fixed p. To justify this, observe that the
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coordinates (X,Y) are local Morse reduction coordinates about z;. Since ¢ € (bi,-1,bi,)
p may be chosen so that f(z) > cif z = (X,Y), |X| < p, |Y]| < p. We know that as
E,‘1 e 0,

sup p(z, Wy, ) — 0.
IGW.‘I

Therefore we may also assume that for any z € M(e, p) which may be written in the (X,Y)
coordinates, we have |Y| < p. Fo: ¢;, small enough and z € M(e,p) N f7*(c), the amount
of time t, needed by 7(t, z) to reach {(X,Y) | |X| = p, |Y| < p} is bounded from above
by a constant C = C(p, c). Conversely if z’ € M(e,p), z' = (X" V'), |X'|=p, [Y'|<p,
the amount of time, —t, needed by n(—~t,2') to reach f~!(c) is bounded from below by a
constant —C(p, c). The map Dn(t,-) leaves the tangent space to W,(z;, ) invariant.
Since any point z € W;, N f. is close t??V%E?:,) and the time ¢ needed to get from f~!(c) to
= (X", Y"), |X'|=p, [Y'| £ pis globally bounded from above, we may replace (7.83)

by

k.
(7.84) lim sup sup u = 0.
€iy yeees€ip —0 € M(e,p), : v: €G, ”hz“
s=(X,Y)Dear Tyl X =0 YL,

Now 3° will be proved by induction on p. For p =1, 8W;, is a manifold and we seek

a subbundle of the tangent bundle to 8W;, which satisfies (7.84). Choosing €, < p, let
(7.85) aSY = {(X',Y") near z;, | |X'| = Y|, X2+ Y'P =€}

The tangent space to W;, at a point (X',Y') € 85}, is the tangent space to this sphere,

1.e.
(7.86) {(h, k)| X' Ry +Y' -k} =0}.
Consider a point (X,Y) € 0W;, such that

(7.87) X| = p,IY] < p.
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In fact Y} < €;, < p. Such a point belongs to W, if and only if

-t ~t t 1 M
(7.88) efo=e"NX|=€Y] = 5 i ,
- 1 2P2 el‘ . -
le. t=3log - Y| = 5,0 O equivalently if

%1 p
1, 2p° u
(7.89) n 5 log ot (X,Y)) € 6Six .
1

The tangent space at (X,Y) is the image under Dn (—%log %?,) of the tangent

space at (X', Y") =n{ 1log 22 (X,Y) ) to the sphere, ie.
2 €iy

5 \ 1/? o\ V2
(7.90) (hl,kﬂ=(p(;,—) h(—Q—) =)

where
1 /e, 1/2 ; 9\ 1/2 '
p(2) X -hi+p o Y-ki=0

or equivalently

. 4p*

(7.92) {(hy, k1) | X - Iy +-€’+’—Y'k1 = 0}.
Since

€.
7.9 = p; = =t
(7.93) Xl=p  I¥I=5
for any hy € E~, the vector
(7.94) hi—p 3 (X -m)Y

belongs to the tang~nt space to W, at (X,Y). By taking the image of these vectors by
Dn(—t,-), t >0, (7.94) defines a subbundle of G(¢;,,4;). Furthermore if (X,Y) € 8W;,

and |X| = p, then | X| = p, [Y|= % and setting

(7.95) v(x,y) =UV; = hl - p—z(X . hl)Y,
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we get
(LA -2 -2&i

where C is an upper bound for the norm of the projection from E* = W,(z;,) onto
(F(K;,))*. We do this in order to conform to the precise definitions (7.61)-(7.63). Other-
wise we could simply take (F(K,, ))+ = E* with a suitable scalar product, K;, = {(X,Y) |
[X] = p, Y] < p}. The inequality (7.96) implies (7.83) and (7.84) and hence the induction
forp=1.

Now we give the argument for arbitrary p. We start with (z;,...,z;,), i, € F‘.,'.’=+1 ,
M(e, p) is a manifold, the intersection of the sets OW;;, j = 1,...,p is transversal, and
the tangent bundle to M(e, p) contains a subbundle G(e, p) satisfying (7.83) or (7.84) near
zi,. Now we add another critical point z;, € F, to this family. It has a related W, and

€i,- We want to study
(7.97) M(e,zig,.. .1 25,) = M'(e,p) = M(e,p) N OW,,.

We may always assure, without loss of generality, that there is no critical point z such
that z € FI‘.l and z;, € F,. Indeed, should such a z exist, we could take it to be our
present z,,. Proceeding in this way, by induction on all the possible intermediate elements
Zl,..+, -m = Ti, between r; and z;, (z: € F:,,, 2z maximal in Fz..), we would
establish 3° of Proposition 7.64 for the whole chain of indices. The statement for the
subchain (%o,...,17,) follows immediately.

Therefore, in the sequel, z;, is maximal in Fz ) ie there 1s no z such that z € Fm1
and z;, € F,. Let (X,Y) be local Morse reduction coordinates near z,, and (X', Y') be

Morse coordinates near z;,. Let p > 0 be given and let

(7.98) K® =Wu(z:,) N {(0,Y) | Y] = p}.

Let

(7.99) O(K?®) be a small closed neighborhood of K° which does not contain z;,. .
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Let
7.100) (S8t = {(X, V) [ 1 X| S [YLIXP+|Y] =€}
and let K! Cc W,(z;,) be:

(7.101) K'={(X"0)|1X'| = p}-

The set K is a section to the flow restricted to W,(z;,) and thus, for any z € K 0 there

exists t(z) > 0 such that:

(7.102) n(t(z),z) € K*
where t(z) is bounded by a constant independently of z:
(7.103) t(z) < C(p).

By continuity, we may assume that, if O(K°) is compact and small enough, then there
exists a compact set containing K1, O(K?), such that, for any z € O(K?), there exists
a t(z) < 1+ C(p) such that n(¢(z), z) belongs to O(K*). It is not difficult to see that we
may take

O(K") = {(X', ') | 1X] = p, V'] < ).

Since O(K!) is then transverse to the flow, #(2) is uniquely defined.

Our induction provides us with a subbundle G(¢;,,...,€,,Zi;,--- z;,) of the tangent
space to M(e,p), with a fiber having the dimension of Wu(zi,), such that (7.84) holds
on O(K?'). The tangent space to M(e,p) at z € M(e,p) N O(K?°) is the image under

Dn(—t(z),-) of the tangent space at n(t(z), z) to M(e, p). Setting
Gi(e,p) = Dn(—t(-), HG(e, p)),

then Gi(e,p) is a subbundle of the tangent bundle to M(e,p) on M(e, p) N O(K®), the
fiber of which has the dimension of W,(z;,). G(e,p) satisfies (7.84) on O(K');
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Dn(t,") |w,(z.,) leaves the tangent space to Wy(z;,) invariant; and #(z) is bounded by
from above 1+ C(p). Therefore, G, (¢, p) satisfies condition (7.84) on M(e,p) NO(K?) i.e.
there exists an extension F(O(K?)) to O(K?°) of the tangent bundle to W,(z;,) on K°
such that any v, € (G1):, the fiber of G; at z € M(e,p) N O(K®), splits: v, = h; + k.,
h: € (F(O(K®)):, k. € (F(O(K®)))*), with h, and k, satisfying (7.84) uniformly for
z in M(e, p) N O(KO).

Since the intersection of Wy(z;, ) and W,(z,,) is transversal strongly and uniformly,
if O(K?) is small enough, there exists a ¢ > 0 such that for all z € M(e,p) N O(K?), the

tangent space to M(e, p) at z contains a subspace of the form
(7.104) {(h1,B:h1) | by € E7, B, € L(E™,E™),||B.|| < 0}

with ¢ is independent of z. Here E~ = W,(z;,) and E* = W,(z;,) so the subspace given
by (7.104) is a graph over W(z;,).

Observe that if ¢;, is small enough, any z € M’(e, p) is such that
n(t,z) € M(e,p)NO(K?®) for a suitable t. Indeed points in M(e, p)NOW;, are images under
n(—t,-), t > 0 of points in M(e,p) N(SE)* and such points are clearly images of points in

M(e,p) N O(K?®). The tangent plane to W, at a point z = (X,Y) € M(e,p) N (SE)*F is
(7.103) T, ={(h1,k1) | X -h1 +Y - k; = 0}.

If z = n(~t,(X,Y)) and = (X, V) € M(¢,p) N O(K®), then

(7.106) (X,Y) = (e!X,e”'Y), t>0

and by (7.104), the tangent space at z to M(e, p) contains a subspace of the type:
(7.107) H. = {(e*hy,e *B:h1) | hy € E~,||Bs|| < o}.

O(K?) is fixed, compact and such that z;, & O(K,); €, can then be chosen so small

that t, in (7.106), is large uniformly for z € M(e,p) N (SE)*. Observe that the flow
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preserves M(e,p) and is transverse to 8W;, on (S%)+t\0SY (see (7.105)). Therefore, the
intersection of these two sets is transverse on (S})T\0SY. On 0S%, (7.107) defines a
vector space transverse to the tangent space to OW;,. Indeed (e'X,e™'B;X) is in this

vector space, while, since | X| = Y|,

(7.108) |X-e!X +Y - e 'B;X|=[e|X]|? + 'Y - B;Y]|

> el| X2 - e 0| X2 > | X|*(ef —oe”) >0

for t large enough. Thus, the intersection of M(e, p) and OW;, is transverse along (S¥)*
and is therefore globally transverse since any point of M(e,p) N OW;, is obtained from
M(e,p) N (SE)T using the flow.

We now define G(¢;y, ..., €,,Ziy,--.,Zi,) and prove the second part of 3° in the form

(7.84). By definition, the fiber (G,) at z € M'(e,p) N (SE)* is:
(7.109) G. = orthogonal projection on 7; of (H, & R(X,-Y)).

Observe that H, ® R(X,~Y) is a direct sum: (X,-Y) cannot belong to H, because
[Y] > |X] on (S¢)* and because ¢ in (7.106) - (1.107) is very large. Furthermore, as we
have seen above, H, & R(X, —-Y) is transverse to 7; which is the tangent space to W,
at z € (S¢)*. Extending G to M'(¢,p) via Dn(—r,-), 7 > 0, we obtain a subbundle of

the tangent bundle to M'(e, p) of dimension
(7.110) dim(G(€ip, - - - €y, Tigr - - -1 Tip)): = dim E7 +1—1= dim Wy(z;,).

G : may be expressed in another way if z € M(e,p) N S . Setting 2 = (X,Y) = n(-t, 2),
z=(X,Y) in M(e,p) 0 O(K®), we introduce:

(7111) H; = {(et(hl - VX),C—tBE(hl - VX)) , h; € E—}

where
_ e'X-hi+etBzh; Y
- et X[2+Y e 'B: X
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Observe that H', is tange :t to M'(e, p) since it satisfies (7.105) - (7.107) G, may then be

described as:
(7.112) G.=H,®R(X,-Y)

since (X, —Y) is tangent to M'(¢, p) along 85S¢ . In order to prove (7.84), we observe again

that
M'(e,p) N {(X,Y) near z;, | |X| = p,|Y| < p}

is the image under n of M'(e,p) N S, the time 7 needed being very large, 7 — o0 as

30?
€;, — 0. We set -

21 =(e"X,e”7Y), (X, Y) e M'(e,z, = 5},
(7.113) { .
5 € Ml(eap)’ CTI-XI =P IXI = |Y|a IXP + IYI2 = €y

The fiber of G(€;,,...,€i,,Tip,---,Ti,) at 21 is

(7.114) (e™ti(hy — vX), e~ "I B:(h; —vX)) B R(e™ X, —e”TY)

where

(7.115) ‘r+t27‘=log|—5p{—|=log —p — 00 as €;, — O0.
t0

Equation (7.114) can be written as

(7.116) (e™*thy, e~ tIB; (k) — vX) — e T1Y)

since (7.116) defines a space of dimension equal to dim Wy(z;,) contained in G(€;p, .- -, €i,s Tigs- - -

Since | X| = |Y], (7.108) and (7.111) imply:
(7.117) | vIX| + v[Y] < 3]|A4l]

for ¢;, small enough. Therefore if v, = (e”+*hy,e " ("+9B;(h; — vX) — e'~7vY), and if we
take, for the sake of simplicity, E~ @ E* for the decomposition of v; = h; + k., we have
el _ e~ +0Bs(hy = vX) = =Tu¥ |

(7.118) A0S e A
e Wbl
< _— <
_Ce”‘*“ T <Ce " =0

» Ty

P .




uniformly as €;, — 0. As can easily be seen, (7.84) can be written with such a splitting

so (7.84) holds for G(eiy, -+, €i s Tig--- Tip). Thus the induction is established and the

proofs of Proposition 7.64 and Theorem 7.2 are complete.
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§8. The Retraction Theorem and Related Results: The infinite dimensional
case.

In this section, the results of §7 will be extended so as to apply to the functional [
introduced in §4. In the process a set of critical points at infinity for I will be introduced
and its stable and unstable manifolds relative to the pseudogradient flow generated by Z
will be characterized.

The notation of §4 will be used freely here. Again K(I) denotes the set of critical
points of I, etc. We henceforth take €, as in Proposition 2.9 and assume

3
(8.1) B <min{lp—c| [p #ce (KID)U( | Tis(K(J)

i#Fj=1
and b,c < M + 1}.

Also let W,(q1,¢2), Wi(q1,q2) denote the stable and unstable manifolds corresponding to
(q1,92) € K(J12), etc.

Theorem 8.2. Let I be as defined in §4. Then
1° Any trajectory of (4.23) with ¢(0) € I™+! which does not enter It = It or does not
converge to a critical point of [ has a limit. The set of limits, M, can be written as
3
H={J H
1#j=1

where

Hi; = U Hi5(7:,T;)-
(9:,7; )E’C,{:”l

2° In the (q;, g2, @3) coordinates,

1 1
'le(?u?z) = {@1’52)} X {Q3 € R‘ l lQ3 - 5[61 +E2” 2 (E; - 1)1/2}-

where (7;,7;) € K3
3° H12(q,,q,) possesses a Frehbolm stable manifold, W*(q;,7;), and a finite dimensionai

unstable manifold, W2>(§,,7,). These manifolds can be characterized in (q1,¢2,Q3)
coordinates as:
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I ——

a. W2°(q,,¢,)\int I is a bundle over Wu(31,32)\int J{3™? with fber Fig:,q2) OVer

(41,92) given by

: 1/2
Flg ) = {Qs eRY[]Q; - %[‘h +¢2]| > (ﬂi - 1)' }

1

b. Let ¢ = J12(§1762) and 0 < e < %B(Cl) Then

Waoo(-q-lvq2)nic+é = U G:?a(qlaq2)
0<a<e

where G3°,(7,,7,) fibers over W,(31,72) N IS * with fiber at (41, g2) given by

1
i G A e Tl o}
2

4° 2° and 3° hold for any M,;.
5° In any C' neighborhood of I’, there exists a perturbation L of I’ possessing the
following properties:
a. L=2ZinV,(i,5), i+ ;.
b. L is a pseudogradient vector field for I.
c. For any ¢ € KM+ and (3.,9;) € IC?J'-HI, the stable manifold W°(g;,;; L) for L
through (g;,7;) is transverse to W,(g; L).
d. For any § € KM+1\{q}, W,(q; L) is transverse to W,(g; L).
e. For any (§;,4;) € /cg.’“\{q,.,qj)}, Wi°(3;,3;; L) is transverse to W2(4i, g5; L)

6° The set [™+! retracts by deformation onto
WP UV(Dars1)

where

' 3
Duwi= |J Wul@, Dlin= U wea@.,),
qE’CM'H i;éj::l (a v?j )EK?:'H

I"UDE,, C int W Cc W=y,

JW™ is piecewise smooth, and V(Dar41) is a small neighborhood of D M+1. Moreover
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a. W retracts by deformation onto It UD§37_,,
b. V(Dyr+1) and V(Dpr41) N W are ANR's.
¢. Dyr+11s an ENR of dimension m and the homologies of V(Djps4,) and

V(D41 N W) vanish in dimension larger than m.

Remark 8.3. (i) On the basis of 5°, we can assume Z = L and our original stable
and unstable manifolds Wy(q), Ws(q), W°(q), etc. have transversal intersections. (ii) A
stronger result than 6° is valid: IM+1 petracts by deformation onto I€ U D§741 U Dy

See Bahri [15].

Proof of Theorem 8.3. Let us recall the construction of Z given in §4, in particular
(4.15)-(4.23). First Z,, was chosen to be a pseudogradient vector field for Jy2 such that the
stable and unstable manifolds for Z;, in the region €; < Ji2(q) £ M + 1 have a transversal
intersection. Points on the unstable manifold between levels ¢; and M + 1 satisfy (4.15).

Then Z was defined in (4.20)-(4.22) as follows:
d - ~
(8.4) E_’(QI,Q‘LQS) =—wpYi2 - (l—wi)l'=-2

where Y}, expressed in the (q1, g2, @3) coordinates in V3(1,2) is given in component form

(8.5) (©) (01,02) = ~Zular, )

(M—&%—mm=%m—mm

@z — (¢ + ¢2))
Qs — 3(a1 + @)l

(222) ([Qs - l(<11 +¢2)]) = (1 — @12)

Now we will prove 1° —2° of Theorem 8.2. We first want to describe the critical points
at infinity of 7, i.e. by Corollary 4.42, the limits of decreasing trajectories for (4.23) which
remain in Vi(1,2) for large 7. On V1, Z = Yi;. Therefore we are dealing with (4.21). Let

q(7) = (q1(7), g2(7), Q3(7)) be a solution of (8.5) for 7 > 0 such that €; < I(g(r)) < M.

We claim (q;(7), g2()) converges to a critical point (g, g;) of J12 as 7 — oo provided that
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J12(q1(7), q2(7)) # 0. Since on Vy,

(8.6) I(q) = Jiz2(q1,q2) + L /1 |Qa)2dt + !

] 200 1+{(Qs — 2(aa + a2)f?’
we have
57 Tular(r),ax(r) 2 gl - 220 5 ¢ - )
Choosing 3(C1) < €1, (8.7) implies
63 To(ai(r),a(7) 2 3o

for all 7 > 0 such that ¢(7) € V;. Hence as 7 — oo, (q1(7),q2(T)) converges to a critical

point (,,7,) of Jiz with

(8.9) T <T@ T) S M+ 1.

By (8.5) (i),

(8.10) |Qsllz2(7) — 0

as 7 — . Since (¢q1(7),q2(7)) = (q1,72), for large 7 we have
(8.11) gllm(ﬂ - %[fh + @2}(T)ll L= < %
Now consider (8.5) (iii). It shows

(@5 ~ 5(q + ()P

is nondecreasing as 7 — co. Combining this observation with (8.10) implies

I 2 1
= dt + —u>0
3 ) IO e T
as 7 — oc. We claim pu > 0, for if 4 = 0, then for large T,
(8.12) 1 /1 1Qa/?(r)dt + : <8
. - - 1,
2y 1+ 1[Qs ~ (g1 + g2)]*(7)l
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Now (8.11)-(8.12) imply that (q1,92,Q3)(r) € Vy for large . Therefore (1-@12)(g(7))) =0

saen

d

(8.13) -

([@s - ’;’(QI +q2))) =0
for large T, contrary to u = 0. Since p > 0, (8.12) shows we have
1 1 1/2
n w(r)l = 105 - 2 + el < (2 -1)
for large 7. By (8.5) (iii),
) 1d .
(8.15) Ed—7_|w(7‘)|2 = (1 = &12)|w|(7).

Since ¢(7) € V1, we have

(S.16) - +1lw12(r) < ﬂ(gl)
for large 7. Thus if 3(Cy) < 2,
2 12
(8.27) lw|(r) > (ﬁ(cl) - 1) =0, >0.
Using (8.15), we get
(8.18) lw|?(r) > 02 + 0, /r(l — O19)do

for 7 > 79 and 7y large. Combining (8.14) and (8.18) yields
(8.19) / (1 = &y2)do < oco.
Hence by (8.3) (iii),
(8.20) /00 |—(-i—w[dr < oo.

r AT

Therefore w(r) = [@3 — 3(q1 + ¢2)](7) converges to a limit we as 7 — oo. Clearly

1 —&127q(7)) then converges to 0. Therefore

1
< B

8.21 = —
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via (4.16). Lastly observe that by Proposition 2.9', any critical point of Jj, satisfying (8.9)

will satisfy
(822) 61 S J12(§1,§2) S J\/I + 1

if €; is small enough. Now (8.9)-(8.11), (8.20)-(8.22) imply that the limits as 7 — oo of
the trajectories we are studying lie in H;2 where H;; was defined in 1° — 2° of Theorem
8.2. Conversely, any ¢ € M2 is the limit as 7 — oo of an orbit of (8.5), namely the one
with initial data q. This proves 1° — 2° of Theorem 8.2.

Now we study the “stable” and “unstable” manifolds W°(q,,q,) and Wi°(q,,92)

corresponding to points in H;,. We begin with W°(q,,7,)\int 1.

(8.23)1V°(q,, To)\int I q(7) ={(q1(7), g2(7), Q3(7)) | g(r) is a solution of
(8.4) whose limit set as 7 — —oo has a nonempty

intersection with M1z and I(q(7)) = €; for all 7 < 0}.

Arguing as in the proof of Corollary 4.42, there is a 19 so that if 7 < 7, ¢(7) € V).
For such 7, gq(r) may be expressed in (q1,¢2,@3) coordinates and (8.5) holds for 7 < 7o.
When 7 € (=20, 1) decreases to —co, (8.5) shows that |Qs)l2(7) is nondecreasing while

Q3 - [Q;;] tends to 0 as - — —oo. Hence
(8.24) 1QsllL2(7) =0

for T < 7. Similarly |[Qs — £(g1 + ¢2)]/(7) is nonincreasing as T — —oo0 in (~00, 7o) While

1/2
195 - 2o + ali-o0) > (5--1)

SO

(8.25) - <b
| 14+1[Qs = (g1 + ¢2)]1*(7)
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for r < r9. Thus

1
T+ (@ = )P

1 -
(8.28) % /0 103 |2(r)dt + 8,

for 1 £ 79. On the other hand, (q1(7),q2(7)) € Wu(q,,3,)\int Jf;'ﬂ‘, the unstable

manifold of Z,, at (q;,3,). Consequently

2 1 C
- 1
(8.27) > llai = 5la + @l(Mlize < 7
=1
for 7 < 79 by (4.15) and the choice of Zy2, C1. (See (4.17) and the following paragraph.)
Inequalities (8.26)-(8.27) imply that ¢(7) € V, for r < 7, where 7; > 7y. Therefore 7y = o,

ie. if g(7) € W°(q,,7q,)\int I, then (8.25) holds for ¢ € (—o0,o0) and

(828) (qlvq?) € Wu(-q-l)-q-2)\int Jleé-ﬁls
(8.29) Qsllz=(7) =0, ie. Qa(r)=[Q:)(1) € R,
(8.30) L 6y

T+ 1Qs - Ha + g2)lP(0)

1/2
(@3 — %(ql + @)Jl(r) > (EIT - 1) i

Therefore W2°(q,,q,)\int [** fibers over Wy(g,,§,)\int Ji P with fiber F(4,.42) as stated
in 3°a of Theorem 8.2. Furthermore since Wi, = 0in Vy, the flow- ed to W°(q,,7,)\int I

has a nice representation:

(8.31) 2 (a5,02)(r) = ~Zualan, 2)(7)
Qa(7) = [Qs)(r) € RS

Qs — :1;(611 + q2)](7) = constant independent of .

These equations show each orbit in W2°(g,,7,)\int I* converges to a point in H;; as

T — —~0C.
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Now we will describe (locally) the stable manifold W*(g,,7,) which we define via

(8.32) W (3,,7,) = {g(7) satisfying (8.4) | ¢()converges to

an element of H;; as 7 — co}.

As was the case for W(q,,7,), we could have started out with solutions of (8.4) whose
limit set, as T — oo, has a nonempty intersection with H;;. However the analysis of
critical points at infinity carried out in (8.6)-(8.21) shows that such trajectories converge
to an element of ;. Thus (8.32) is an acceptable definition for W{°(q,,q,). For any

q(T) € W2°(3,,7,), there exists 7o such that
(8.33) g(r) €V for T2>T0.
For such 7, ¢(r) satisfies (8.5) which implies

(8.34) (q1,32)(1) € Wy(7y,q,) for T2 0.

Let us consider a neighborhood T of (7,,7,) in W,(3;,7;) having the following prop-
erties:

d]

for 7 > 0.

(ii) For any (q1,92) € L,

5 o~ 3l + allae < S

i=1

Since by (4.13),
2
D C
> IE - 33 + Tl <
=1

such a set T can be found. Clearly for any ¢(7) € W(7,,7,), there exists a 7; 2 0 such

that

(8.35) (g1,92)(r) €L for 721 270
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Moreover since 11 > Tg, we have

1 < B(Cy)
1+ {[Qs — 3(q1 + ¢2)]I3(7) 2

for 7 > 7. Using (8.35)-(8.36), the analysis carried out in (8.6)-(8.21) holds and any orbit

(3.36) 3 [ 10sP e+

of (8.4) satisfying (8.35)-(8.36) lies in W°(q,,7;). Observe that if

(8.37) (q1,92)(0) € Z
and

, 1 s 1 B(C1)
(8:38) 5 / QPO+ TG — T v @lP©@ 2

then by properties (i)-(ii) of T, if ¢(7) = (q1(7), g2(7), @3(7)) is the solution of (8.4) with
initial data q(0), g(7) satisfies (8.37)-(8.38) for any r > 0. Indeed (8.37)-(8.38) show (8.4)
has the form (8.5) for small 7 > 0. Hence properties (i)-(ii) of £ and the fact that the left
hand side of (8.36) is nonincreasing with = via (8.5) imply that (8.4) has the form (8.5)
for all > 0 and that (8.37)-(8.38) holds for any 7 > 0 with such initial data.

Now (8.33)-(8.34), (8.37)-(8.38) and our above remarks show that W>*(g,,7;) can be
described locally as a bundle over £ with fiber H(g, 4,y Where for (¢1,92) € L,

1 < ﬁ(Cl)}'
1+ |[@Qs— (@ + )12~ 2

(8.39)  Hyq) = {Q;; e wh?| -;-/01 |Qs|2dt +
Let

(8.40) ¢ = J12(91:T2)-

We will make a particular choice of T. Let

(8.41) T = Z(e) = {(91,92) € Ws(31,32) | J12(31,T2) < c + ¢}

Certainly (i) hold for small e. Moreover since (4;,7;) satisfies (4.15) and Z(e) — (71,72)
in W'? as e — 0, a fortiori (¢) — (§;,72) in L™ and (ii) follows for € < € where €

depends on C, (and M). We can further assume that

(8.42) B(C\) < €2(Ch)
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for all (7;,3;) € KM*1. Let

-12&<e< B(C1)

(8.43) 0< 5 5
and set
(8.44) W(e)(q1,2) = {9 € W(T:,32) | I(g) < c +¢}.

Dropping the (g;,3,) for convenience, W°(¢) is clearly a connected neighborhood of Hi2
in W(q,,7,). We will describe W®(e) NV;. On Vy,

1
14[@s ~ %(q_l + q2)}|?

- 1 .
649 H@=tulaa)+g [ 0P+

and the flow has the simple form (8.5).
Consider the following set:

C, ={q(0) € W(e) | the solution ¢(r) of (8.5) remains in V; for all

720 and (g1(7),q2(7) € T(e)}-
The argument used above in (8.34)-(8.39) shows that if ¢(0) € W°(e), there isa 79 > 0

such that ¢(7) € Cy for T > 7. We claim that in fact ¢(t) € C; for all 7 > 0, i.e.
(8.46) We(e) = C.

Indeed assume that g(r;) € 8C; and ¢(7) € C; for 7 > 7, 7 > 0. Since (8.5) holds
on [r1,0), (qi1(t1), q2(m1)) € Wi(3y,q,)- Since (8.45) holds and since (1) € int Icye
(1 > 0), (g1(71),92(m1)) € W,(71,7,) N Int j12,c+e' and hence (g1(71), g2 1)) € int T(e).
Therefore ¢(r;) € 8V; (since g(m1) € 8C: and (q1(71),¢2(m1)) € int E(e) and hence
(q1(71),q2(m1)) & C=(€). This implies that either

2
1 Cy
z llg: - 2[‘11 + @2lllze = 5

=1

which is impossible by (ii) of the definition of £(¢) or that

Q(Qs)‘—' E-(?Cl—)' > €
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which is also impossible since then

(8.47) Kot 2 e+ 280 5 e,

a contradiction. Hence (8.46) holds.

Using (8.45) and the definition of C;, W®(¢) is a bundle over I(¢) with a fiber as
described in 3°b of Theorem 8.2. Moreover W *(e) is a Fredholm manifold. indeed Z(e)
is a Fredholm manifold since Jj, is Fredholm and proper near (g,,7,). Thus Z,, may
be chosen to be Fredholm and proper near (3;,7,). The set G4, 4,) is also a Fredholm
manifold and W°(¢) inherits this from the product structure. This completes the proof
of 3° (and 4°) of Theorem 8.2.

To obtain 5° and 6°, a few preliminaries are needed. Note first that if

108, ___ B(CY)

(8.48) 9 € 3

then W (¢) is a uniform neighborhood of H;2 in W°(q,,q,). Indeed if ¢ € H;,

= _ - 1
(8.49) I(q) = J12(7,,72) + 1+ |[Q3 — (‘h +q2)”2 Sc+phr<cH+e

Observe also that (8.5) holds on W°(€) and provides us with the following information

about the behavior of the (decreasing) flow restricted to W(e):
+(91,92) = =Z12(q1, 92) (41,92) € Z(e)
(8.30) Qs(7) = e7"Qs(0)
w(r) = [Qs — 3(q1 + g2)}(7) = M7)w(0)

where A(7) converges to a limit v as 7 — oo such that |v| > (1/8;)"! — 1)}/2. Lastly

observe that a Morse Lemma is available around H;z for Z in the following sense: Let

C N1 Cint Mz C N be neighborhoods of (g;,7,) in Aj2 such that

(851) Zlg(X,Y) = (—X,Y)
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in A2 where (X,Y’) are coordintes along W.(7,,7,) and W,(g,,q,) respectively and
2 1 C
(8.52) > lgi =5l + @lliee < 5
=1
for all (¢1,¢2) €N;, 1=1,2.
Fori=1,2, let

(8.53) Wi = {((11,42,Q3) | (91,92) €Ni and &12(91,92,Q3) 2 51;}

Then by the definition of @,;, W; C V;. Moreover since @12(q) < % on Wo\Wj, by the
argument of Lemma 4.14, there are constants v and K such that
I'@)Z(g)21>0
(8.54) )
1Z(D)llw2 £ Ky

for all ¢ € Wp\W;. Furthermore, (8.5) holds in W, and shows that if ¢(7) is a solution of
(8.3) such that ¢(r) € W, for 7 € [0, 7], then ¢(7) = (X,Y, Q3)(7) with

( X(1) =e"X(0)

Y(r) =e"7Y(0)

(8.55) Q. )
Q3(7) = e 7Q3(0)

Cw(r) = [Qa — 31 + g2))(m) = Mg())w(0)

where

d
— > —
—-Ag(r)) 20 and 0

if and only if dist (¢(7), Vo) — 0. Now (8.54)-(8.55) show that W, has similar properties
to neighborhoods of critical points for functionals satisfying the Palais-Smale condition.
Indeed the explicit formulas of (8.55) show (PS) is satisfied in W; along any given
trajectory. Moreover W, is a neighborhood of H;2 on which Z has the reduction provided
in (8.53) which splits along the (q;, g2, @3) coordinates yielding a product structure for the

flow corresponding to —Z.
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As a last preliminary observe that if A3 is small enough, A, C AN(p) as defined
following Proposition 4.2 and any solution (g1, ¢2)(7) of (8.5)(i) starting in N, satisfies
(8.32) for any 7 such that Ji2(q1(7),q2(7)) = %. This implies that (8.5) holds for any
decreasing flow trajectory g(r) starting in W, as long as I(¢(r)) > e (and therefore

J12(q1(7), q2(7)) > 5 since F(C1) < €1; see (8.5)-(8.7)).

Now we are ready for the proofs of 5° — 6°. These proofs are essentially the same
as those of 2° and 5° of Theorem 7.2. However there are a few differences which will
be indicated next. The proof of 2° of Theorem 7.2 relied on a two step induction. In
particular, recalling the idea of the proof, given two consecutive critical values ¢; < ¢; with
corresponding critical points z,z2, W,(z1) and W,(z;) intersect transversally, strongly
and uniformly. This insures that if ¢y < ¢; and W,(zo) intersects Wy(z;) transversally,
then W, (z2) intersects W,(zg) transversally in a neighborhood of Wy(z1). Therefore if we
want to guarantee that W,(z;) intersects Wy(z) transversally, we need only take care of
a part of Wy(z,) which does not lie in a neighborhood of Wy(z). Since we are interested
in Wu(z2) N W,(z0), we may consider Wy(z2) N f~1(c) for ¢ € (co,c1). Then the part of
Wa(z2) N f~1(c) which does not lie in the given neighborhood of Wy(z,) is compact and

making it transversal to W,(zg) follows from the standard transversality theorem [16].

As in the proof of 2° of Theorem 7.2, in order to insure the transversal intersection
in the strong and uniform sense of W,(z;) and W,(z;), or W,(z¢) and Wy(z,), (PS) is
needed outside of suitable neighborhoods O; of the critical set including the critical points
at infinity. These neighborhoods should be small enough so that they do not intersect a
level set f~1(c) for a fixed ¢ between two critical levels. In order to guarantee that the
strong and uniform transversal intersection of W,(zo) and Wy(z,) implies that of Wy(zo)
and W,(z,) in a suitable neighborhood of W,{z;), a Morse Lemma is needed for the flow
in the O;'s. Since (PS) is satisfied outside the Oy’s, the part of Wy(x2) which is then
left intersects f~(c), for ¢ € (cg,¢1), in a compact set. Thus our induction can continue.

Neighborhoods O; are available for our present framework, i.e. for I between the levels €;
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and M + 1, at least to the extent that (PS) is satisfied outside of these sets. The sets
W, defined in (8.51)-(8.55) can be used as the O;’s for critical points at infinity. The fact
that the flow n(7,-) is Fredholm and locally proper near the remaining critical points in

I=1(ey, M + 1) provides @;’s for such points.

Now we will be more precise. Let ¢,c’ € [¢;, M + 1] be noncritical values of I. The
critical points at infinity, i.e. sets of type Hj2 provide us with a continuum of critical
values for Z. Namely corresponding to (3:,9;), we have J;j(g;,q;) + € for any € € [0, 5]
This is, of course, an artiface of the method we are using which introduces a vector field,
Z, with a hyperbolic manifold of rest points at each level where (PS) fails. Nevertheless
we will argue as if this manifold were a single point. The hyperbolic structure displayed in
1° — 2° of Theorem 8.2, in (8.31) and (8.53) allows us to do so. For the sake of precision
note that a noncritical level ¢ will either satisfy ¢ > J;;(3;,9;) + 61 or ¢ < J;(7;,7;)- Since

B satisfies (8.1), these critical interval levels do not overlap.

For any classical critical point, g, of I and in particular for those in I e, M + 1),
W.(7) is finite dimensional. Therefore if ¢’ < I(7) and is larger than the next critical
level of I, W,(3) N I~1(c') is compact. Since (PS) holds outside {O;}, the first step of
the induction argument of 2° of Theorem 7.2 is possible for §. This ensures a transversal
intersection of W,(q) with W,(g') or W°(7') at the next critical level since in both cases
(W, or W), we will have to ensure the uniform and strong transversal intersection of a
compact manifold with a Fredholm (possibly unbounded) manifold. Given another critical
level ¢! < I(§) which corresponds to a classical critical point or to a critical point at
infinity, the same argument guarantees the strong and uniform transversal intersection of
W,(3") or W>(7"') with the trajectories originating in Wy(g)N I~1(c") which ao not enter
the ©;'s between the levels ¢ and ¢’. Here ¢” < ¢ and c is less than the next larger critical
level. Thus the first step of the induction argument of 2° of Theorem 7.2 is available
for classical critical points. The second step is also, since it relies on a Morse reduction

about a classical critical point. This is available here by the local properness and Fredholn
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character of I’ and Z.
Thus we are left with critical points at infinity. For such points the following direct
argument shows that both steps of the induction procedure are available. First observe

that for any (g;,7;) and 7' such that

&1 < I7) < Ji(357,) S M +1,

(8.56) W2(3,3;) N Ws(T) = ¢.

Indeed (8.31) shows that the decreasing flow, restricted to W£°(g;,q;) splits in the prod-
uct structure between W,(g;,7;) and the fiber with (@, — 1(4i,4;)I(r) = constant = «.
Moreover |y| > (1/8;)~* = 1)1/2. If 8, is small enough, this fact implies (8.56) for then if

—f

g’ has the form (a’n“ﬁv Qr)a

/2
(857) (-1) >I@-5@+7

while if §' cannot be so represented, no constraint is needed for f;.
The remaining case to consider is W°(q;, 7;)NW (i, 7;) where the indices ¢, j are the
same for these sets since the sets V) (7,7) whicn contain W>(;,q;) are pairwise disjoinc.

Using (8.31) again shows W°(g;,7;) N W (T, 7;) is a bundle over Wu(7;,7;)N W,(3:,75)
described via
(8.38) Wu(7:7;) N W(TLT;) = {4645, @r) | (gi,45) € Wu(3:,T5) N Wa(T:,T5)

1 1 1z

and (@~ (i +a)l 2 (- -1} }

2 I
Since W,(;,7;) and W,(3;,7;) are assumed inductively to intersect transversally, strongly
and uniformly, W°(g;,7;) and W2(G;,7;) also do so. Observe that the transversality
occurs in the base of the bundles W and W, not in the [Q,] fibers. Now recall that we

chose NV, C V(p) so that any decreasing flow trajectory starting in a set W, satisfies (8.5)

as long as I(q(r)) > ;. This fact, together with (8.55) and the transversality in the base
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of the bundles which was just pointed out implies that the second inductive step is also
available for critical points at infinity: if W,(q) or W2°(q) intersects W°(g') transversally,
strongly and uniformly, between the levels ¢; and M + 1, then W,(q) or W°(q) will
intersect ary other W2°(g") transversally, strongly and uniformly in a neighborhood of
W(g" nrovided that WS°(q') intersects W°(g"') transversally, strongly and uniformly.

Thus we have 5° of Theorem 8.2.

Now we turn to 6° of Theorem 8.2. It is almost simpler to prove it here than in
Theorem 7.2 due to the representation we have for the flow at infinity, in particular (8.31).
However a complication is created due to that fact that 3° of Theorem 7.2 does not hold
here. Property 3° was used in both the ENR and retraction parts of 5° of Theorem 7.2

so we must study this situation carefully.

To see what happens to 3°, we consider a simple case where ¢ € K(I) and the largest
ciitical value ¢ smaller than [(q) occurs at oo, i.e. Z has a set of rest points, say H13(3;, 2)
with stable manifold W°(g,,3,) and J12(3,,¢,) = c. Let lg—oﬂl <e< E(zi‘-)- and consider
Walg) N W>2(7,,3,) NI~ (c +¢). Our assumptions on e, I(g), ¢ imply that H12(3;,7,) C
[+15¢. Moreover W,(q) being finite dimensional, W,(g) N I~1(c + ¢€) is homeomorphic to
a finite dimensional sphere and therefore is compact. Consequently W°(q,,7,) N1 Wy(g)N
I=Y(c + €) is compact. It is also useful to observe at this point that the intersection
W>(3,,3.) N Wu(q) N I7Y(c + €) can be made transversal in a standard way since it

represents the intersection of a compact manifold with a Fredholm, and closed manifold.

Since € < ‘B—(%-)-, the description of W(g,,q,) given in 3°b of this theorem, shows
W>(q,.7.) N Wal(q) N I (c +€) C Vi(1,2). With C; sufficiently lage and 3(C) small, it
may be assumed that if (q1,q2,Q@3) € Wf°(b"1,§2).ﬂ Iete, then (g1, q2) € T as defined after
(8.34) and Q3 satisfies (8.36). Then as noted earlier, the flow for —-Zon W,°°(§1,§2)ﬁfc+‘
takes the form (8.3), i.e. splits nicely. In particular this form holds on W*(q,,7;) N
Wa(q) N I~ (c+ ¢). Therefore W>(g,,q;) N Wy(g) N Ie*e is the image under this flow of

the compact set W°(g,,3,) N Wu(g) NI (c + ¢).
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It was shown earlier in (8.12)-(8.13) that for a trajectory in W°(g,,q,), the limit,
p.of (1+1{Q3 — 3(q1 + ¢2)]|*(7))™" as 7 — oo is nonzero. Thus [[Q; — (g1 + @)ll(7)
does not tend to oo along this trajectory. The same is true uniformly for all trajectories
originating in the compact set W*(3,,7,) N Wau(q) N I7(c +¢). Hence 3° of Theorem 7.2
does not hold here. Only part of H;, lies in W, (q) due to the fact that the single critical
point occurring in Theorem 7.2 is replaced by the entire set, H2, here. However as the
above remarks show, we do have transversal intersections at least for the critical points at
infinity and also for the intersection of the unstable manifold of a classical critical point
with the stable manifold of a critical point at infinity if there is no other critical value
between the two critical values considered.

In the classical framework, as in the proof of 3° of Theorem 7.2 and 5° of Theorem 8.2,
thésé facts together with the Morse Lemma allowed us to conclude that all intersectiors,
without restriction, were transversal. The retraction result then followed. In the present
situation, the Morse Lemma available for the critical points at infinity is special since we
have manifolds of critical points at infinity. We could break up these manifolds into a finite
number of points by modifying the functional, and then use the finite dimensional result.
However, this leads to new technical problems so we prefer to argue directly. The problem
is the following: since we have a whole set H; of critical points at infinity, the sum of the
tangent space to W°(g,,7,) and the tangent space to W°(q,,q,) at any of these critical
points is not direct. There is a direct sum: the sum of the tangent space to W°(7;,7;)

at 7 = (7,,q;, @;) and the subspace of the tangent space at g defined in the coordinates

(1,92, @3 — [Qs]a [Qa - 9_1_*2'_13_}) by
(8.39) TG, 7o) Wa(T1,72) x {0}.

In (8.39), T(3, 7,) Wu(71,Q2) refers to the tangent space at (31, T2) to Wu(qy,3,); {0} refers
to the zero in the tangent space to W}‘z([O. T],R%) with coordinates (Q; ~ [Q3],
Q3 — a1 + )]
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Comparing (8.59) with (7.25), we should take E~ here at (g1, ¢2) € W,(3;,7,), to be
T 41,0 Wu(T,,72) X {0} (usicg the same coordinates). With the above definition of E~, E~
is invariant under the linearized flow (see (8.31)). With this modification, the statement
of Proposition 7.31 holds. After (7.38), we established (i), (ii) and (iii) inductively. Here,
due to the presence of the critical points at infinity, (ii) cannot hold and is replaced by the
inclusion:

(i) Wulg)NfeC

CWul@U{Wu(g) N fel ¢’ € F U{WE(T:,7;) N fo | Wulg) N W(T,,7;) # ¢}

(iii) remains the same (when generalized in order to take into account the critical points
at infinity). With this modification, (i), (i)’ and (iii) hold and their proof is nearly the same
as in the classical case. The modifications are related to the fact that (7.24) does not hold
here: i.e. there is no local fibration of W,(q) over W°(q,,7,) if Wu(q) N W (4,,72) # &,
due to the fact that W,(q) does not necessarily contain all of W°(g;,q,) in its closure.
However, the arguments using the fibration may be replaced, for the proof of (i), (ii)’ and
(iii), by the transversality, property, i.e. by Proposition 7.31.

Again using the above definition of E~, Proposition 7.64 holds in this extended frame-
work, the proof being essentially the same. This proposition provides us with a neighbor-
hood of I UDS§}.; U Dyryy, invariant under the decreasing flow, of the type W= UV,
where V is a neighborhood of Djs41 with a piecewise smooth boundary, intersecting W
transversally. W® also has a pi.ecewise smooth boundary. W, V and ¥V N W* are
therefore ANR'’s.

For later purposes, we point out that we may suppose that —Z points inwards on
W™ U V. This is obtained by modifying slightly the deformation argument of (7.66) -
(7.72). We have shown there, up to a change in notation, that we can find a vector field
v, which vanishes on I* U D, U Duy+1 and such that v points inwards on W U V.
We were using v in order to show that —Z(q) + ev points inwards on W™ U V. We can

argue differently and assume that W UV is constructed by using the flow of —Z(q) + v
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in (7.58) (instead of the flow of -Z(q)), with € sufficiently small. If ~Z(q) is tangent at
any point ¢ to such a W UV, then v has to point outwards to W™ U V at such a gq.
However, when ¢ — 0 the boundary of W™ U V approaches the boundary of the similar
set for —Z(g) and v points inwards on this set. Therefore, we have a contradiction, and
—Z(q) is transverse to W™ UV along its boundary.

Using the same kind of argument as in §7, to establish that Wy(a,b) is an ENR, we
can prove that Dysy; is an ENR. Namely, Dary, is locally contractible for the same reason
Wa(a,b) is locally contractible. Dar41 is locally compact since Das+1 is a union of finite
dimensional manifolds and since Dy is locally closed. (Indeed Du+1 C Darsr UDG L U
I¢). Since —Z is tangent to Dpy4q and on OW™, it points inwards to W, WeN Dy
is a retract of an open subset in Dpry1 (namely U n(s, Dp+1 N W)) and therefore is
also an ENR of dimension at most m. Thus we ;Ea.%e established that V,, W, W> NV,
are ANR’s and that Dy and Dayr+1 N W are ENR’s of dimension at most m.

The sets V., W, depend on small positive parameters €y, ..., €r (respectively €7°,...,€°).
These parameters allow us to define the balls B(z;, €;) in the proof of Proposition 7.64,

from which the set V, (and W) is constructed. These €; and € obey constraints of the

type:
o0 co 3.
0<€i<ﬁai(51)-"7ei—1’el 7"'161'—1)7

0 < e® < Pil€1y s Eiml € yernyEiny).
Since W(7,.7,) N W,(7) = ¢, ¥ does not depend on €y,..., €1, i.e. the constraints on
€ are of the type

0 < e® < Pi(e,...,€621)

We may therefore fix €, .. ., €3°, thus obtaining the set W™ and consider V. = V(e1,...,€r)
with small €;’s. The intersection V(e) N W is transverse and is a piecewise smooth
manifold. If V(e) N W were a manifold, then when ¢; — 0, j =1,...,r, the pair
(V(e€),V(e) N W) would deform through an isotopy and we would then very easily ob-

tain a retraction by deformation onto (Dar+1, Dm+1 N W™). The statement about the
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homologies of V(e) and V(e) N W™ of Theorem 8.2 would follow.

Unfortunately, V(e) N W is only a piecewise manifold and therefore the retraction
by deformation argument is trickier (see Bahri [15]). Observe however that if 0 < €; <ej,
(e; small enough), then V(€') is a retract by deformation of V(¢) and, using the fact that
the intersection is transversal, V(¢') N W™ is a retract by deformation of V(e) N W=,
Therefore, the homology of V(e¢) and the homology of V(e) N W do not depend on e,
for € small. Since Dyry1 and Dyi4+1 N W™ are ENR’s and since ﬂV(e) = Dar4; and

e

[J(V(e) " W) = Dyrsy N W™, V(e) has the homology of Dyr41 and V(e) N W has
t}ele homology of Dyr+1 N W, (If we want to avoid the construction of the retractions
by deformation of V(e) on V(e') and V(e) N W on V(e') N W, we can consider Cech
homology. The argument in (5.4) of section 5 then holds in Cech homology. Since W
1s an ANR, Cech homology coincides with the usual homology for W°; the same result
holds for the other sets. Therefore, the argument may be continued as stated.)

The proof of Theorem 8.2 concludes now by showing that W has the homotopy
type of It UDS],,. We observe that (8.5) holds in a neighborhood of DS, ; and we have
the nice splitting situation already described. Therefore, in such a neighborhood (V; for
example), we may construct W out of a similar kind of neigliborhood for the associated

two-body problem and a neighborhood in W2 of the set

(Here w will be Q3 — [4-£%]).

Since the associated two-body problems satisfy the Palais-Smale condition and since
the gradient of I;; is Fredholm, the results of §7, in particular Theorem 7.2, generalize
immediately to this framework. The neighborhoods considered provided by Proposition
7.64, have the homotopy type of the union of the unstable manifolds for the critical points
of the two-body problems. This yields the result about W, except for some minor details

which we omi* for simnlicity.
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§9. A refined version of Theorem 1.

In this section we will prove a refined version of Theorem 1 under further assumptions
that the critical points of I are “nondegenerate”. More precisely, let ¢ be a critical point
of I and let m(q) denote its Morse index, i.e. m(q) is the number of negative eigenvalues
of I'"(q). Let m(q) denote the generalized Morse index of ¢, i.e. Ti(q) = m(q)+ the
number of 0 eigenvalues of I"(¢q). By (2.24), m(q) — m(q) > £. Observe also that the
degeneracy directions, at a critical point, satisfy a second order ODE in (R%)®. Therefore
miq) < m(q) + 6.

Let Bx(\) be the k** Betti number of A and let N; denote the number of critical

points, g, of I such that m(gq) = k. Then we have

Theorem 3: Let V satisfy (V1) — (Vs). Assume that if I'(¢) = 0 and m(q) < k or

mig) > k, then m(g) — m(q) = ¢, i.e. ¢ is a nondegenerate critical point of I modulo

translations. Then

(9.1) N2 Bk(A)—12 f k>30+1.

Proof. The inequalities (9.1) can be interpreted as a version of the Morse inequalities.
However, due to the fact that critical points of the two-body functionals I;;, provide us
with critical points at infinity and since we have no control on the number of these critical
points, the standard proof of the Morse inequalities cannot be usec ~ ~ .. The proof given
here bypasses these difficulties (and also provides a proof of the Morse inequalities in the
standard setting).

There exists M > 0 such that any homology class [¢] in Hi(A) may be represented by
a chain ¢ having support in I™. This is the case since Hi(A) is finitely generated (A is
the loop space of the fibration p: Y3 — Y3, see section 5, with fiber cqual to the wedge of

two spheres S¢!. That Hi(A) is finitely generated follows from [17]). Let

(9.2) KM ={qeA|I'(g)=0,I(g) <M, and m(q) =k}

a7




As was pointed out in §4, after a perturbation argument, it may be assumed that all critical

points of I in I'™ are nondegenerate (modulo translations). Set

(9.3) KM = {geA|T'(9)=0,I(g) <M, and m(q) <k-1)}.

Let

(9.4) Ap = U Wa(q)
geX

and

(9.5) Bioi= (J Wu(e).
qexk—l.M

Using 6° of Theorem 8.2, the chain ¢ with support in I'™ representing [c] € Hi(A) may be

represented as a chain in

Hi (W= U V(Durr+1))

with

Dymyr = U Wu(g)-

qex,w+1

Each such chain ¢ is spanned by simplices of dimension k. Therefore the support of ¢ is
provided by continuous maps o from the standard k-simplex into I'™. Using a transver-
sality argument (after suitably approximating o by differentiable maps) we may assume

that the image of o, Im 7, is transversal to W,(q) for all ¢ € XM*! where
KM+l ={geA|I'(¢) =0 and I(q) <M +1}.

Therefore

(9.6) ImoNW,(q) =¢

for any ¢ € KXM+! such that m(q) > k. Since the support of ¢ does not meet the stable

manifolds of the critical points with m(q) > k, V(Dum+1) may be reduced and thus each
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chain of Hi(A) may be represented as a chain in Hiy(W® U V(AU Bi_1)). Letting e — 0

and arguing as for V(Dyr+1) in §8, the chains may be represented in Hiy(W>®UALUBk-,).

The next step in the proof of Theorem 3 is to establish:
(9.7) Ni > Bi(A) — dim Hy(W* U Bx_,)

where W will be defined shortly. Set

zy= U {(5,9;,Qr) € Ay x R*| (4:,;) € Wu(3,,T,) and
Gi’aj)ex"i
11 < a(qf,qj)}
1+1Qr ~ 3lg: + ¢5]| 4

(compare with (5.10)). Using Corollary 3.41 and arguments close to those of §3, it is
not difficult to extend W to W, a neighborhood of C° = I U (U, Z37) which
retracts by deformation on C{°. This can be done since a(qgi,¢;) < #(C1) with a defined
in Corollary 3.41. Since W N IM+1 = W each chain of Hi(A) may be represented as
a chain of Hx(W>® U 4 U By-1).

Next we show that
(9.8) Hi(W™U AU Bi_;, W U By_;) = Q.

To prove (9.8), we employ a variation of an argument of §8 which allowed us to deform
IM*1 onto W UV,. This argument was based on the transversality of the pseudogradient
flow to W™ along its boundary and on the local fibering given by Proposition 7.24 of W,(q)
onto Wa(q') if W,y(q") N Wu(q) # ¢. Observe that (Ax\KM) U W U Bi_, is invariant
under the flow (4.23). Moreover by Proposition 7.24, Ax U Bi_; fibers locally over By_;.
Therefore (A:\KY) U W™ U Bj_; has the homotopy type of W U By_,. Hence

(9.9) He(W> U A U By, W U By—;)
= Hy (W™ U A U Bi_y, (A\KY) U W™ U Bra).
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By excision,
(9.10) Hi(AV® U A UBp_1, WS U Bi-1) = Hi(Ax, A\KY) = QM

as claimed above.
Since any generator of Hi(A) can be represented in Hy(W™ U A U Bi_;) via the

above remarks and this representation is injective,
(9.11) dim Hi(W™® U A, U Br_;) > Bi(A).

Using (9.11) together with the exact sequence for the pairs (W®UAUBg_1, W UB;_)
yields (9.7).

Next we will prove
(9.12) Ni > Bi(A) — dim Hy(W™).

To do so, we first show

(9.13) Hi(Br—1)=0
and
(9.14) Hi_1(B,_,NOW=)=0

where B}_, = Bj_1\(Bx—1 "W). To obtain (9.13)-(9.14), observe that Bi_; is the
union of manifolds of dimension at most k — 1 and that by the transversality of the
intersection of Bir—; with W — see the proof of 6° of Theorem 8.2 — Bi_; N AW™>
is the union of manifolds of dimension at most k — 2. We will prove (9.13)-(9.14) by
induction on the number of these manifolds. Proposition 7.24 holds for the critical points
of Bi_; and provides a local fibering of Wy (z) U W,(y) over Wa(y) if Wu(z)N W,(y) # ¢.
It follows that W,(y) has a neighborhood V; in W,(y) U W(z) which (i) retracts by
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deformation on Wy(y) and such that (ii) Wu(x) N V] is open in W,(z) and distinct from

W.(z). Since Wy(z) is a disk of dimension at most k — 1 and (ii) holds,
(9.13) Hi1(Wu(z)nV]) =0.

Again using the fact that Wy(z) is a disk of dimension at most k ~ 1 and (i),
(9.16) H(V;) =0.

Therefore using the Mayer-Vietoris sequence applied to the excisive triad

(Wul(z) UWa(y), V;, Wu(z)), we see that
(9.17) Hi(Wau(z) U Wu(y)) =0.

This result extends by induction (based on Proposition 7.24 or more properly a variant of
it involving more than two critical points) and leads to (9.13).

Now we turn to the proof of (9.14). The idea behind its proof is the same as the one
just employed, but with a shift of one in dimensions. It was pointed out in the proof of
6° of Theorem 8.2 that W may be chosen so that the flow (4.23) is transverse to W™
along its boundary. Since this flow is tangent to any W,(y), the fibrations of Proposition
7.24 are transverse to W along its boundary, i.e. if W,(y) intersects 9W™>, W,(y) being
contained in Bg~1, and if Wy(z) N W,(y) # ¢, Wyu(z) also being contained in Bg_1, then
(W (y) UW,(z)) N OW fibers locally over W,(y) N W™ in the sense of Proposition 7.24
with a fiber homeomorphic to (W,(z) N W,(y)) U {y}.

Each set W,(z) N W is a union of manifolds of dimension at most k — 2 since this

intersection is transversal. Using the fibrations as earlier we may construct excisive triads
(Wu(z) U Wa(y)) N V>, V; NV, W, (y) N V™)
with

(9.18) Hio(VEN W, (2) NOV®) =0
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and

(9.19) Hi_1(VENOW=) = 0.
Therefore arguing as for (9.13),

(9.20) Hi_1(Br—1 NOW>) =0.

Using the fact that the flow (4.23) is transverse to OW®™, Bj_; may be retracted by

deformation onto By _;. Hence (W™ U Bk_l,W“,BL_l) is excisive,
(9:21) Hi(Bj-1) =0,

and (9.14) holds. Therefore the Mayer-Vietoris sequence implies
(9.22) dim Hy(W>® U Be_;) < dim Hy(W™).

Combining (9.22) and (9.7) yields (9.12).
For the final step of the proof of Theorem 3, note that by the arguments of §8 for

W2, W™ has the same homotopy type as C{°. Then by similar arguments to those used

for C; in §5, for & > 3¢+ 1,
(9.23) Hi(W*) = Hi(C®) = P He(BY
1<)
where BYY = (ZF\int I*)U W} and W} was defined following (5.6). The set By has

the homotopy type of S¢~! x £,; where

- a(q1,q2)
(9.24) Li; = UG 5)ex,; {(4i,45) € Wu(3:,7;) | 1 — —% < Jij(gi,95)}

a\gq:, g5
U{(qiyq;) € Aij | &1 — —-(-(14——]2 < Jij(gi q5) < €}

Using (5.6)-(5.8), L,; is a retract by deformation of

(9:,3,)€K;
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Therefore using the pseudogradient fow (4.23) again, £;; has the homotopy type of

(9.26) =730l J W@.3y)
(Eii?j)exi}'

Applying Theorem 7.2 (or actually a generalization to the analogous infinite dimensional
compact and Fredholm framework — see e.g. (15)) we obtain that £ has the homotopy

type of :\;j. Therefore B} has the homotopy type of A;; x S5¢! and
(9.27) dim Hk(B?Jo) = dim Hk+(_1(A,'j) + dim Hk(A,'j).
As was shown in §5, A;; has the homotopy type of the loop space of $¢~1. Therefore

(9.28) dim Hy(B) < 4

(9.29) dim Hiy(W>) < 12

for k > 3¢ + 1. Combining (9.12) and (9.29) yields Theorem 3.

Remark 9.30. As mentioned in the Introduction, Theorem 3 has consequences for e.g.
homogeneous potential like those yielding central configuration solutions (under (Vj)).
Modulo scaling, these special solutions are generated by a compact family of solutions.
Therefore the contribution of the whole family (after scaling) to the homology groups of A
is bounded. Hence there must exist periodic solutions other than these special solutions.
The same argument may be applied to treat the multiplicity of hyperbolic or elliptic

solutions of fixed energy as mentioned in the Introduction. These results will be pursued

elsewhere.

'Remark 9.31. If V is autonomous, the requirement in Theorem 3 that 7i(g) — m(q) = ¢
cannot be satisfied. Indeed the resulting S! invariance of [ implies that critical points
occur in circles. Thus 7(g) — m(g) > £ + 1 for any critical point ¢ of I. In this setting we

can de. ~= N, the number of critical circles of Morse index k. Now we have:
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Corollary 9.32. Assume V satisfles (V}) — (V5) and V is autonomous. Suppose that any

critical point ¢ of I with m(q) < k or mi(q) > k satisfles Mi(q) — m(q) = £ + 1. Then
(9.33) Ni+Nio1 > Bi(A) —12

for k > 3¢ + 1.

Proof. By perturbing I slightly, any circle of critical points of I can be broken up into
two critical points, one of Morse index & and the other of Morse index k& + 1. Doing this

for each circle of critical points of I and applying the argument of Theorem 3 yields (9.33).
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